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Abstract

Adding Transitivity to Avoidable Risk Expected Utility (Lim, 2023) gives
rise to standard expected utility (EU) behavior. Adding Transitivity partially
will give rise to non-EU behavior that satisfies Betweenness; moreover in each
Marschak-Machina triangle, behavior is either risk averse with indifference
curves that fan out or risk loving with indifference curves that fan in.

1 Introduction

Lim (2023) characterized a series of models where failures of WARP and failures
of structural postulates are inextricably linked, among them is an application in
the risk domain: the Avoidable Risk Expected Utility (AREU) model. In AREU, a
decision maker seeks to maximize expected utility in every choice problem but is
subject to context-dependent preference parameters. In particular, the presence of
a safer alternative causes the decision maker to use a more concave utility function
as if they view risk less favorably when it could be avoided than when it is not.
Many empirically detected violations of expected utility can be explained by this
model, including variations of Allais (1953)’s paradox. But unlike alternative mod-
els that preserve the standard rationality assumption, AREU allows for rationality
violations and suggests that non-EU behavior is fundamentally a matter of changing
preferences as opposed to failing structural assumptions.

*Shanghai Jiao Tong University. Email: xzlim@sjtu.edu.cn. Content of this paper used to be part
of the working paper Ordered Reference Dependent Choice (2021).
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This note provides an additional analysis of AREU and relates it to the non-
expected utility models introduced by Quiggin (1982), Chew (1983); Fishburn
(1983); Dekel (1986), Bell (1985); Loomes and Sugden (1986), Gul (1991),
Készegi and Rabin (2007), and Cerreia-Vioglio, Dillenberger, and Ortoleva (2015).

It is first shown that AREU has a close relationship with betweenness preferences
(Chew, 1983; Fishburn, 1983; Dekel, 1986). Although the two intersect only at
expected utility, they make similar predictions for binary choices when transitivity
is added to AREU in a probability triangle.

Among models of betweenness preferences, Gul (1991)’s disappointment aver-
sion shares a related motivation with AREU, but the two predict different behav-
ior. In disappointment aversion, the set of possible outcomes of each lottery is de-
composed into elevation prizes and disappointment prizes, and the utilities from
disappointment prizes are discounted using a function of the probability of disap-
pointment. An implication of disappointment aversion is mixed fanning, in which
indifference curves first fan in and then fan out, for example. AREU cannot accom-
modate mixed fanning, a direct application of Proposition 2, and so the two models
differ in their coverage of non-expected utility behavior.

For the same reason, AREU and Cerreia-Vioglio, Dillenberger, and Ortoleva
(2015)’s cautious expected utility put forth different behavioral predictions. In their
model, a decision maker evaluates each lottery as its worst certainty equivalence
under a set of (Bernoulli) utility functions. The result is a behavior that resem-
bles cautiousness. A property resembling mixed fanning is an implication of their
model, where indifferent curves are steepest in the middle, a consequence of the
axiom Negative Certainty Independence: p - § implies p®q =~ §%q.

Like AREU, K6szegi and Rabin (2007)’s model of reference-dependent risk prefer-
ences uses reference points to explain non-expected utility behavior. However, both
the identification of reference points and the consequence of changing reference
points differ. In AREU, reference alternatives are given the subjectively safest alter-
natives in choice problems, and they proxy for changing risk preferences. In Készegi
and Rabin (2007), a decision maker is subjected to gain-loss utility relative to a ref-
erence point, where the reference point is the lottery she expects to receive. I focus
on choice-acclimating personal equilibrium (CPE), in which reference points are en-
dogenously given by the eventually-chosen alternatives. Masatlioglu and Raymond
(2016) shows that when a CPE specification satisfies first order stochastic domi-



nance, the implied behavior can be explained by the quadratic utility functionals of
Machina (1982); Chew, Epstein, and Segal (1991). Yet, Chew, Epstein, and Segal
(1991) demonstrates that quadratic functionals intersect with betweenness pref-
erences only at expected utility, and hence the CPE model of Készegi and Rabin
(2007) intersects with AREU only at expected utility.

2 Model

Lim (2023) proposes and provides an axiomatic foundation for a model where the
decision maker is more risk averse in the presence of safer alternatives, but is other-
wise a standard expected utility maximizer. Suppose X is a finite set of alternatives,
A (X) is the set of all lotteries, A is the set of all finite and non-empty subsets of
alternatives, and the primitive ¢ : A — A such that ¢ (A) C A is a choice correspon-
dence.

Definition 1. ¢ admits an Avoidable Risk Expected Utility (AREU) representation if
there exist a linear order (R, A (X)) and a set of strictly increasing utility functions
{up : X = [0,1]} ca(x)> such that

c(A) = argmax Eyu, 4 (),
peEA

where r (A) = arg maxR, pMPSq and pESq each implies ¢ Rp, ¢ Rp implies u, = fou,
geEA
for some concave f:[0, 1] — [0, 1], and ¢ has a closed graph.

2.1 Transitivity

In general, AREU may not satisfy Transitivity. Now I consider different ways of
introducing Transitivity and study their consequences.

Definition 2. c satisfies Transitivity over S C A if for any {p, ¢} ,{q,s}.{s,p} € S,

pec({pq}) andg e c({g,s}) = pec({g s}).

1Similar conclusions of non-intersection with AREU (other than expected utility) can be made for
rank-dependent utility (Quiggin, 1982; Chew and Epstein, 1989) and disappointment theory (Bell,
1985; Loomes and Sugden, 1986). Some of these results, and a comprehensive summary, are pro-
vided by Masatlioglu and Raymond (2016).




It turns out that if ¢ satisfies Transitivity over A, then indifferent curves are linear
and parallel on the convex hull of p, §;, d,, for every p.

We start with notations. Given a lottery p € A (X)\conv ({d,d,}), where
conv denote the convex hull, consider the following lottery by removing probability
weights on b, w and allocating them proportionally to other prizes:

p@)/(1=p(®) = p(w) ifreX\ ()

0 otherwise

p*(z) =

Furthermore, let 7, C A (X) be the convex hull 7, := conv ({p*, &, d,,}), which
is a probability triangle. Note that p € 7, and for any ¢ € 7,, 7, = 7.
Moreover, for every ¢ € 7, such that ¢(b),q(w) > 0, ¢ is an extreme spread
of p* and therefore p*Rq. Also, denote by 0, the (partial) boundary 0, :=
[conv ({p*, d,}) U conv ({p*, 6w })] \ {ds, 0}, which is a subset of the boundary of 7.
Also, given a linear order R on A (X), let R (p) := {¢ € A (X) : pRq}.

Lemma 1. Suppose c admits an AREU representation and satisfies Transitivity over A.
Forany p € A(X) \conv ({8, 0y, }), if p1,p2 € Tp\conv ({dp, 0y, }), then w,, (x) = uy, (x)
for all .

Proof. Fix any p € A (X) \conv ({d,d,}). For each ¢ € 0,, due to FOSD and Con-
tinuity, there exists a lottery that involves only the best and the worst prizes e, €
conv ({0, ., }) such that ¢ ({¢q,e,}) = {¢, e,}. Moreover due to FOSD, ¢, (b) > ¢ (b)
and ¢, (w) > ¢ (w), and therefore ¢, is an extreme spread of ¢, which implies ¢Re,
and therefore E, (u, (z)) = e, () since u, explains c ({q, e, }) and E, (u; (z)) = €4 (b)
for all s (due to our normalization that u, (w) = 0 and u, (b) = 1 for all s).
Consider the line L, := ge, = conv({q,e,}). Every element ¢ € L,
is an extreme spread of ¢ and therefore ¢Rq’, which implies ¢({q,¢'}) =
arg maxse(qq} s (uq (2)) = {¢,¢'} (since ¢’ is a convex combination of ¢ and e,
which are indifferent under «,). By Transitivity, this means for all ¢;,¢2 € L,
we have c¢({¢1,¢:}) = {¢,¢}, and therefore for all s € L,\{e,}, we have
E, (us (z)) = e, (b), a constant. However, any two utility functions w, uy in AREU
are related by a concave transformation, say WLOG u; = f o uy for some concave
f, and therefore either u; = wus or u; () > uy(x) for all z € X\ {b,w} (recall
that w; (w) = 0 and w; (b)) = 1). Now, since E, (us, (z)) = E, (us, (z)) for all



s1,52 € L,\{e,} and ¢(x) > 0 for some = € X\ {b, w}, we conclude that for all
s1,52 € L,\ {e,}, we have u;, = u,.

We have established that for every line L, where ¢ € 0,, the utility function
indexed by every alternative on that line (except e,) is identical to «,. Also, since
for any s € 7, there exists some ¢ € 0, such that ¢ ({s,e,}) = {s,¢e,} (due to FOSD
and Continuity), and since for every e € 0, there exists ¢ € J, such that e = ¢, (due
to Continuity), we have Uges, Ly = 7,.

We now show that for any two ¢, ¢, € J,, we have v, = u,. Consider the set

* = {qf, ¢, ...} where ¢ := ;0 + (1 — o) p* with a; = 0 and «; = 3¢, (b) +
¢, (b) for all ¢ > 1. This defines an infinite sequence of lotteries that are convex
combinations of §, and p*, and converges to §,. Consider any consecutive pair
¢,q 1, € QF. By construction (and this is the reason we constructed them this
way), there exist s; € Lg:\ {e, } and sy € Lg: |\ {eq;H} such that s; is an extreme
spread of s,, and therefore s, Rs;, which implies Ugr, is more concave than Ugs - Also
by construction, there exists 7 € Lg:\ {e, } and s} € Ly \ {eq;H} such that s} is
an extreme spread of s}, and therefore s| IZs), which implies u,+ is more concave
than u,; . Together, this gives u;: = ug, . By iteration, this means u, = u,- for all
q; € Q*. Figure 2.1 provides an illustration.

Analogously, consider the set Q~ := {q}, ¢, ...} where ¢ := «;0, + (1 — ;) p*
with oy = 0 and «; = e, (w) + 347, (w) for all i > 1. Using the same line of
argument as above, we conclude that u,+ = u,- for all ¢; € Q. Now consider any
q € 0,. If ¢ € conv ({p*,6}), consider ¢; € QT such that ¢ € conv ({g;_,,¢;}). If
instead ¢ € conv ({p*,d,}), consider ¢; € @~ such that ¢ € conv ({¢; ;,¢;}). By
construction, there exist s; € L,\ {¢,} and s, € L,-\ {eg } such that s, is an extreme
spread of s,. Also by construction, there exist s; € L\ {¢,} and s} € L\ {eg }
such that ) is an extreme spread of s|. Then, by using the same line of argument
as above, we conclude that u, = u, = u,- for all ¢ € J,,.

Therefore, since U, L, = 7, we have u, = u, = wu, for all s ¢
7,\conv ({0, 0,,}) where s € L, and ¢ € 0,, and we are done. O

Lemma 2. Suppose c admits an AREU representation and satisfies Transitivity over A.
For any py,p2 € A (X) \conv ({9, 0, }), we have u,, (x) = u,, (x) for all x.

Proof. Fix any p;,p2 € A(X) \conv ({0, d,}), suppose for contradiction wu,, (z) #
Uy, (z) for some z. Note that this implies p} # p}, otherwise 7, = 7,,, which implies



p1, D2 € T, and Lemma 1 requires that they index identical utility functions. Then,
since u,, and u,, are related by a concave transformation (and that w; (w) = 0
and u; (b) = 1), either u,, () > u,, () for all z € X\ {b,w} or u,, () < u,, ()
for all z € X\ {b,w}. By Lemma 1, the former implies w,: () > wu,; (x) for all
r € X\ {b,w} and the latter implies w,: (v) < uy; (x) for all z € X\ {b, w}.

Suppose without loss of generality pjRp;. It is established in the proof of
Lemma 1 that there exists e,x € conv ({0, d,, }) such that

({phen}) = (e ) @D

Furthermore, since e,: € 7,; (conv ({0, 6., }) C 7, for all s), there exists g € 9, such
that the line ge,; C 7, consists of lotteries s such that E, (uy; (z)) = Epr (upr (2)) =
epr (b) (the line ge,r is the intersection between 7,; and the indifference hyperplane
consists of all s € A (X) such that E, (uy; (z)) = E,: (up: (x))). Denote the interior
of a set S by Int S. Since Int 7,, € R*(p3) C R*(p}) (the first inclusion is because
Int 7,; consists of extreme spreads of p; and the second inclusion is because R is
transitive), we have c ({p}, s}) = {pj, s} for all s € Int ge,:. Therefore, by continuity
c we have

c({ri,a}) = {p7. q} - (2.2)

Recall that either u: () > up; (v) for all z € X\ {b,w} or up: (v) < upy; (v) for
all z € X\ {b,w}. Therefore, by Lemma 1, we have

epr (0) = By (up; (7)) # By (g (x)) = ¢4 (),
and therefore
c({g,eq}) = {a, ¢4} (2.3)

for some e, € conv ({dy,d.,}) where e, # e,:. But by Transitivity of ¢, Equation 2.1,
Equation 2.2, and Equation 2.3 would imply ¢ ({e,, €,: }) = {ey, €,: }, a violation of
FOSD. Figure 2.1 provides an illustration. O

Proposition 1. Suppose ¢ admits an AREU representation and satisfies Transitivity
over A. Then c admits an AREU representation such that for any p,,p: € A(X), we
have u,, (x) = u,, (z) for all x.

Proof. We extend our result from Lemma 2 to all p;,p, by means of constructing
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Figure 2.1: The figure on the left provides an illustration for the proof of Lemma 1,
the figure on the right provides an illustration for the proof of Lemma 2.

an AREU representation. Consider the original AREU representation (R, {ar}T>.
Let R := R and u, = @, for all » € A(X)\conv ({d;,d,}). Also, for any r €
conv ({dy, 8, }) such that R* (r) ¢ conv ({0, d,}), let u, := @,. Consider any s; €
RY (r)\conv ({8,0,}) and s, € A(X)\conv({d,d,}) such that r is an extreme
spread of s,. Then, syRrRs; and si,s; € A(X)\conv ({d,d,}), which implies
u, = us for all s € A (X) \conv ({0, d,,}). Finally, consider any € conv ({dy, 0, })
such that R (r) C conv ({6, . }). Note that any u, where u, (b) = 1 and u, (w) = 0
would explain c over A}, | = {A€ A: AC R*(r) and r € A}. Therefore, we set
u, := u, for some s € A (X) \conv ({9, })- O

2.2 Betweenness

Proposition 1 provides a strong separation between AREU and many non-EU mod-
els, but we can more meaningfully recover the extent to which AREU is related to
other models by imposing Transitivity partially. For the next part of the analysis,
I turn to Marschak-Machina triangles (also “probability triangles”) and show that
AREU is very close to Betweenness, a well-known property introduced (on prefer-
ence relations) by Chew (1983); Fishburn (1983); Dekel (1986).2 Like expected
utility, models of betweenness preferences have the characteristic of linear indiffer-
ence curves, but indifference curves need not be parallel.

2AREU does not automatically imply Betweenness preferences. Consider the Allais common ratio
behavior where $3000 for sure is chosen over 80% of $4000 (and otherwise $0), but 80% of $4000
is chosen over [50% of $3000 and 40% of $4000]. This behavior violates Betweenness, but it is
admissible by AREU where the former choice problem uses a more concave utility function.



Definition 3. ¢ satisfies Betweenness over S C A if for any {p, ¢}, {p, p“q} , {p*¢, q} €
Sand a € (0,1),

1. c({p,q}) = {p} = c({p,p°q}) = {p} and c ({p°q, ¢}) = {p“q},

2. c({p,q}) = {p. 4} = c({p,p*q}) = {p,p*q} and c ({p°q, q}) = {p*q, 4}

My next result uses the following terminology. The analysis will focus on
Marschak-Machina triangles. For any three prizes {a,b,c} C X, consider the set
of all lotteries induced by them, conv ({d,, d.,d.}). Let B,,. denote the set of all
finite and nonempty subsets of conv ({d,, 0, d.}), and therefore B,;,. C A. Going
forward, I omit subscripts and use the notation B. Also, let p be a mean-preserving
spread of q. We say c is weakly risk averse (resp. risk loving) over B if {p,q} € B
implies ¢ € ¢(A) (resp. p € c(A)). If c({p,q}) = {p,q} whenever {p,q} € B, we
say c is risk neutral over B. We say that indifference curves fan out (resp. fan in) if
they become weakly steeper (resp. flatter) in the first order stochastic dominance
direction.

Proposition 2. Suppose ¢ admits an AREU representation. If c satisfies Transitivity
over a Marchak-Machina triangle B, then:

1. c satisfies Betweenness over B.

2. c is either weakly risk averse over B, weakly risk loving over B, or risk neutral
over B.

3. Indifference curves fan out if c is weakly risk averse over B.

4. Indifference curves fan in if c is weakly risk loving over B.

Proposition 2 connects AREU to linear indifferent curves—a property of stan-
dard expected utility—and pins down the set of admissible indifferent curves.

While AREU allows a decision maker to have varying magnitudes of risk aver-
sion, Transitivity puts a bound on this variation so that choices are either exclusively
risk averse or exclusively risk loving (in this probability triangle). In each case, a
particular direction of fanning is also prescribed (Figure 2.2), suggesting that risk
averse (resp. risk loving) agents become even more risk averse (resp. risk loving)
when lotteries become better.

These results provide testable predictions for AREU and separate it from other
models of risk preferences, which I discuss next.
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b : ; ;
Always risk averse, fan out Always risk loving, fan in

Figure 2.2: Let a < b < c. Dotted (red) lines are the mean-preserving spread lines.
Solid (blue) lines are indifferent curves. Referring to Proposition 2, the picture on
the left corresponds to point 3 and the picture on the right corresponds to point 4.

Proof of Proposition 2

In this proof, we use max (A, R) to denote the element x € A such that xRy for all
y € A.

(1) We first prove the second property of Betweenness (Definition 3), and then
we use it to prove the first property.

Suppose ¢ ({p, q¢}) = {p, ¢}. Without loss of generality, either (i) max ({p, ¢, p*¢},R) =
por (i) max ({p, ¢, p*q} , R) = p*q. If (i), then max ({p, ¢} , R) = max ({p, p*q},R) =
p, hence the utility functions used in the two choice problems c({p,¢}) and
c({p,p*q}) are both u,. It is immediate that, since p®q is a mixture of p and g,

we have ¢ ({p, p*q}) = {p, p"q}, and by Transitivity we have ¢ ({q, p*q}) = {q, p*q}.
If (ii), then max ({p®q, ¢}, R) = max ({p, p®q}, R) = p*q. Suppose for contradiction

p ¢ c({p,p“q}), then p*q ¢ c({p“q, q}) since p*q is a mixture of p and ¢. But by
Transitivity we would have ¢ ({p, ¢}) = {¢}, a contradiction. We have hence proved
the second property of Betweenness in Definition 3.

The first property is given by this second property, Continuity and FOSD (the
latter two are implied by AREU), which we now show.

Suppose ¢ ({p,q}) = {p}. We start by ruling out ¢ ({p, p*q}) = {p*¢} (and simi-
larly ¢ ({p“q,q}) = {q}): Suppose ¢ ({p,p“q}) = {p“q}, then by Continuity, it is well-



pq

Figure 2.3: Highlighted region is a full-dimensional subset of the larger triangle,
which necessitates a FOSD violation.

know that there exists a a (strict) mixture of ¢ and p®q such that ¢ ({p,a}) = {p, a}.
But then by the second property in Definition 3, since p®q is a mixture of a and p,
we have ¢ ({p,p“q}) = {p,p*q}, which is a contradiction. A analogous argument
can be made to rule out ¢ ({p“q, ¢}) = {q}-

Next we rule out ¢ ({p,p®q}) = {p,p*q}. Suppose c({p,p*q}) = {p,p*q}. Let
dp be the degenerate lottery on b* := max (supp (p®q)) € X. If p = -+, then by
FOSD we are done. Suppose p # 0, then by FOSD we have ¢ ({b,p}) = {b}. Since
¢ ({p,q}) = {p}, by Continuity there exists a a (strict) mixture of §,- and ¢ such that
¢ ({p,a}) = {p,a}. Now notice that the convex set formed by p, p®q, a, denoted @), is
a full-dimensional subset of the convex set formed by p, ¢, 9+, within which by Tran-
sitivity every pairs of lotteries are indifferent to one another (in the sense that for
allp’, ¢ € Q, c({p',q'}) = {p, ¢'}), which necessitates a FOSD violation. Figure 2.3
provides an illustration. An analogous argument, using d,- as the degenerate lottery

on min (supp (p“q)) € X, rules out ¢ ({p®q, ¢}) = {p*q, ¢}

Now that we have ruled out c¢({p,p*q}) = {p%¢}, c({p.p%q}) = {p,p%q},
c({r*q.q}) = {q} and ¢ ({p°q,¢}) = {p™¢,q}, we conclude that ¢ ({p, p*¢}) = {p}
and ¢ ({p*q, q¢}) = {p°q}.
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Figure 2.4: Indifference curves fan out when AREU is combined with Transitivity
and risk aversion (Proposition 2). Arrows correspond to mean-preserving spreads.

(2) - (4) We first prove Part 3. Using Proposition 2 Part 1, we know that in-
difference curves are linear and do not intersect. Take an arbitrary indifference
curve and consider two points p, ¢ on it that lie in the interior of the triangle. Let
p’ and ¢’ be mean-preserving contractions of p and ¢, respectively, such that the
line connecting p’ and ¢ is parallel to the line connecting p and q. Since p/, ¢
are mean-preserving contractions, max ({p, ¢}, R) R max ({p/,¢'}, R), and there-
fore AREU posits that ¢ ({p’,¢'}) is explained by a more concave utility function
than the one used for ¢ ({p, ¢}), which corresponds to a weakly steeper indifference
curve. Figure 2.4 provides an illustration. Part 4 is proven analogously. Finally,
the immediate consequence of these unidirectional fanning, along with Continuity,
rules out the possibility of ¢ being both strictly risk averse and strictly risk loving in
this triangle, i.e., Part 2 of the proposition.
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