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Abstract

This paper proposes a unified framework of context-dependent preferences where de-
partures from structural/parametric models are explained by an ordered set of preference
parameters. A meta-framework captures context effects through endogenous reference forma-
tion and introduces novel models of risk, time, and social preferences. When reference points
are fixed, canonical models like expected utility and exponential discounting hold; otherwise,
“non-standard” behaviors arise from monotonic changes in preference parameters (e.g., CRRA
coefficients, discount factors) along a reference order. Conceptually, the framework links struc-
tural violations to basic rationality violations, even though these assumptions are conventionally
regarded as independent building blocks in individual decision-making.
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1 Introduction

The standard models of individual decision-making face two distinct strands of empirical chal-
lenges. First, choices over generic alternatives violate the basic premise of utility maximization due
to the failure of basic rationality like the Weak Axiom of Revealed Preference (WARP) and the In-
dependence of Irrelevant Alternatives. Second, in richer domains such as risky choice and delayed
payments, structural assumptions like expected utility and exponential discounting are challenged
by well-known “anomalies” that include, among others, the Allais paradox and present-biased be-
havior. These two classes of departures have largely been studied separately, and independently
for each domain of choice, leading to the development of models that explain one phenomenon in
isolation of the others.!

This paper takes a different approach by studying how the two classes of violations can be inher-
ently related to one another in a unified and tractable framework of context-dependent preferences.
Novel models in risk, time, and social preferences preserve canonical functional forms but allow
preference parameters to change monotonically across choice sets, formally capturing how struc-
tural violations—behaviors that appear to violate well-known functional forms—may ultimately be
rooted in the failures of basic rationality.

To see the main intuition, suppose a decision maker (DM) uses a mental process that is consis-
tent with a “normative” theory but has context-dependent taste that manifests as menu-dependent
preference parameters. That is, although the DM uses the same set of preference parameters (e.g.,
utility functions, discount factors) and canonical functional forms to evaluate all available alterna-
tives in a given problem, as is the case in standard models like expected utility and exponential
discounting, her preference parameters can change from one problem to another due to context
effects. Then, by looking at the right choice problems, the DM can violate both classes of assump-
tions—basic rationality assumption (e.g., WARP) and structural assumptions (e.g., Independence,
Stationarity, Quasi-linearity)—when the context has changed. However, for a fixed context, which
corresponds to a set of choice problems that share the same reference points, canonical functional
forms combined with persistent preference parameters lead to behavior that fully complies with
both classes of assumptions.

From this perspective, the two classes of assumptions conventionally treated as separate build-
ing blocks of decision-making are inextricably linked, and novel behavior violates structural as-
sumptions because, more fundamentally, it cannot be explained by a persistent (non-parametric)

!Cases that maintain basic rationality: rank-dependent utility (Quiggin, 1982), quadratic utility (Machina, 1982),
betweenness preferences (Chew, 1983; Fishburn, 1983; Dekel, 1986), disappointment aversion (Gul, 1991), quasi-
hyperbolic discounting (Phelps and Pollak, 1968; Laibson, 1997), hyperbolic discounting (Loewenstein and Prelec,
1992; Frederick, Loewenstein, and O’donoghue, 2002), reference-dependent utility with loss aversion (Készegi and
Rabin, 2007), cautious expected utility (Cerreia-Vioglio, Dillenberger, and Ortoleva, 2015), general notions of decreas-
ing impatience (Chakraborty, 2021; Chambers, Echenique, and Miller, 2023). Other cases: Dubra, Maccheroni, and Ok
(2004); Hara, Ok, and Riella (2019) maintain Independence but relax basic rationality. Beyond the standard primi-
tive: Ortoleva (2010); Kovach (2020) consider a system of reference-dependent preference relations and study struc-
tural violations, Bordalo, Gennaioli, and Shleifer (2012); Lanzani (2022) consider correlated lotteries where they relax
(state-independent) Independence and (state-independent) Transitivity, Noor and Takeoka (2015) consider two-stage
self-control problems where they relax Independence (for ex-ante preference) and WARP (for ex-post choices).



utility function. The framework naturally applies to well-known “anomalies” in the risk, time, and
social domains, which have predominantly been analyzed under the assumption of basic rationality
throughout decades of decision theory.

Risk Domain. Empirically documented “anomalies” in risky choices suggest that people exhibit
increased risk aversion when safer options become available (Allais, 1990; Wakker and Deneffe,
1996; Herne, 1999; Bleichrodt and Schmidt, 2002; Andreoni and Sprenger, 2011). While this
behavior contradicts the expected utility theory, it may align with the expected utility functionals
when coupled with context-dependent utility functions that vary in concavity. This observation
motivates the Ordered Expected Utility model in Section 3, where the choice from menu A is given
by

c(A) = argmax Zp T) Up(a) (T (1.1
pEA

Standard expected utility applies when the safest alternative, which acts endogenously as the ref-
erence r, is the same across a collection of choice sets, i.e., r (A1) = r (A2) = ... = r (A,). In this
case, the same Bernoulli utility function @ = u,(4,) = Up(a,) = .- = Up(a,,) is used to evaluate all
alternatives in the choice sets A;, As,...A,, and the DM appears to be completely standard. But
when the safest alternative changes from one choice set to another, a safer reference leads to a
more concave utility function «,, which gives rise to increased risk aversion. Since expected util-
ity functionals apply, this form of context-dependent preferences can be tractably modeled using
CRRA utility functions where the risk aversion coefficient is determined by the variance of the safest

available option.

Time Domain. Well-documented evidence of present bias suggests that individuals are less pa-
tient in short-term decisions, a behavior at odds with exponential discounting (Laibson, 1997;
Frederick, Loewenstein, and O’donoghue, 2002; Benhabib, Bisin, and Schotter, 2010; Chakraborty,
2021). However, this behavior could be consistent with the exponential discounting form when
paired with context-dependent discount factors that capture changing time preferences, motivat-
ing the Ordered Discounted Utility model in Section 4.

c(A) = arg max 6! ac) (1.2)
(z,6)eA
When a problem offers sooner payments, it alters the reference point r, prompting the DM to use
a lower discount factor ¢, that reflects increased impatience. Again, changes in preferences are
systematic along a certain order and behavior is completely standard for menus that share the
same soonest payment.

Social Domain. Empirical evidence in economics and psychology suggests that the same indi-
vidual can display different degrees of altruism in different choice settings, for example when a



balanced split of reward is available than when it is not (Ainslie, 1992; Rabin, 1993; Nelson, 2002;
Fehr and Schmidt, 2006; Sutter, 2007). This form of context-dependent preference motivates the
Ordered Social Utility model in Section 5, where a DM choosing how much to keep (x) and give (y)
uses a mental process consistent with quasi-linear utility but with utility from giving v, (4 that is
menu-dependent.

c(A) = argmax = + v,(4) (y) (1.3)
(z,y)€A

When a more-equitable split becomes available, changing the reference from ' to r”, increased
altruism is captured by the supermodularity condition: v, (y2) — v, (y1) > v (y2) — v (y1) for all
Y2 > Y1-

Unified Framework. The models, motivated by different non-standard behaviors, depart from
their canonical counterparts (i.e., expected utility, exponential discounting, quasi-linear utility) in
a common fashion. First, after a menu realizes, the DM is canonical, and analysis should pro-
ceed as usual. It is as-if behavior is non-standard not because normative mental processes fail but
because preferences are changing. Second, preference changes are tractable, where contexts are
captured by reference points that can be ordered and changes in preferences are monotonic along
the reference order.

More formally, the common foundation for all three models, the Ordered Utility representation,
is introduced in Section 2. A reference order R defined on the space of alternatives is maximized
to identify the reference alternative r (4) of a menu A. Then, r (A) determines a general utility
function U, 4) that the DM maximizes.

c(A) = argmax U,(4) (2) 1.4)
z€A

Equations 1.1, 1.2, and 1.3 from the risk, time, and social domains are special cases of Equa-
tion 1.4. Because the DM maximizes possibly distinct utility functions U, 4 for different menus,
basic rationality (the assumption that one persistent utility function is maximized) can fail despite
the fact that these models are primarily motivated by structural violations. On the other hand, if
the same general utility function U, 4,) is used for menus Ay, ..., 4,, then choices from these menus

must also satisfy structural assumptions like expected utility and exponential discounting.
Therefore, the models capture a particular kind of context-dependent behavior where structural
assumptions and rationality assumptions are inextricably linked. Examples in Sections 3, 4, and
5 show that, given a structural violation like the Allais paradox or a present bias behavior, it is
possible to pinpoint exactly what type of WARP violations would be committed, suggesting a clear
way to test these theories. On the other hand, and perhaps unexpectedly at first, Propositions 1, 2,
and 3 show that compliance with structural assumptions in binary comparisons implies compliance
with WARP, and vice versa. The two types of assumptions are hence linked, and a straightfor-
ward corollary is that behavior admits a structural utility representation if and only if it admits
any utility representation. Therefore, structural “anomalies” in this framework are fundamentally

4



rooted in the changes of (non-parametric) preferences rather than being a mere failure of structural
assumptions, a plausible connection obscured in studies that assume basic rationality.

Behavioral Characterizations. Axiomatic foundations for the unobserved mental processes res-
onate with one another through a meta-framework called Reference Dependence (RD) formally intro-
duced in Section 6. RD performs a context-dependent generalization of arbitrarily given behavioral
postulates by calling for their “local” compliance. Roughly speaking, it converts a “normative” ax-
iom into a “locally normative” analog. For the general Ordered Utility representation, RD weakens
the basic rationality assumption WARP by requiring that in every finite choice set, at least one
alternative preserves WARP among choice behavior from subsets (Axiom 6.1). Intuitively, if the
failure of rationality is caused by reference dependence where the reference is one of the available
alternatives, then rationality should, at least, hold “locally” among choice sets that share the same
reference.

For Ordered Expected Utility, Ordered Discounted Utility, and Ordered Social Utility, RD requires
“local” compliance of Independence (Axiom 3.2), Stationarity (Axiom 4.2), and Quasi-linearity
(Axiom 5.2) while taking domain-specific contexts into account (i.e., safest alternative, earliest
payment, most-balanced income distribution). Perhaps unexpectedly at first, this immediately cre-
ates a joint generalization of WARP because, whenever the structural postulate is expected to hold,
WARP must also hold as a special case. Once the reference order is established, monotonic changes
in preference parameters are intuitively captured by behavior that becomes (weakly) more risk
averse (Axiom 3.3), impatient (Axiom 4.3), and altruistic (Axiom 5.3) when menus expand.

Departing from the conventional practice of weakening axioms/assumptions incrementally, this
framework exploits an underexplored generalization of structural axioms forbidden by traditional
adherence to basic rationality. For instance, the Independence axiom requires that if lottery p is

2 Generalizing Independence relaxes

preferred to lottery ¢, then p®s must be preferred to ¢“s.
this requirement, but WARP still makes it impossible to discuss how p®s is preferred to ¢“s in
some choice sets while the opposite may hold in others.?> Therefore, using choice behavior as the
primitive and relaxing WARP are indispensable for a broader but intuitive class of generalizations,
which paves the way for a context-dependent implementation of structural axioms that can keep

us “closer” to canonical functional forms and provide identification of subjective parameters.

Section 2 introduces the basic setup. Sections 3-5 take the framework to the risk, time, and
social domains. Section 6 presents the technical, meta-framework underlying all three domains.
Section 7 discusses related literature. Section 8 concludes. Key proofs are in Appendix A. Technical
results and omitted proofs are relegated to Online Appendix B.

2Lottery p“s refers to the (compound) lottery generated by mixing lottery p with probability o and lottery s with
probability (1 — «). Independence says the preference between p®s and ¢®s should be the same as the preference
between p and ¢, since they differ only by a common term.

3Similar limitations apply when the primitive is a (complete) preference relation.



2 Basic Setup

Let Y be a separable metric space, endowed with the standard Euclidean metric d», that represents
the set of all alternatives. Let .4 be the set of all finite and nonempty subsets of Y, also called choice
sets. The primitive of this paper is a choice correspondence ¢ : A — A where ¢(B) C B for all

B € A. 1 assume throughout the paper that ¢ is continuous:
Axiom (Continuity). ¢ has a closed graph.*

The risk, time, and social preferences studied in this paper share a common starting point: For
any given choice set, the DM is seemingly standard by maximizing a single utility function. But,
globally, behavior is non-standard because this function depends on possibly different reference

alternatives across different choice sets.”

Definition 1. A choice correspondence ¢ admits an Ordered Utility (OU) representation if there
exist a linear order (R,Y’) and a set of utility functions {U, : Y — R}, ., such that

c(A) = arg max Uray (¥)

and r (A) = max (R, A) for all A, where ¢ has a closed graph.®

Theories of ordered reference can be traced back to triggered rationality in Rubinstein and Salant
(2006), which coincides with OU when restricted to finite alternatives.” Kibris, Masatlioglu, and
Suleymanov (2023); Giarlotta, Petralia, and Watson (2023); Kibris, Masatlioglu, and Suleymanov
(2024) expand on this trajectory by exploring different characterizations, stochastic choice, and
connections to psychological constraints and limited consideration, proposing a myriad of intuitive
applications.®

Despite its intuitiveness, focusing on the generic choice domain poses caveats. Subjective refer-
ence points can be hard to identify, and compounding this issue is the lack of tractable changes in

preferences that, in turn, burdens the use of ordered reference in applications.

“That is, if 2, —a =, An =g A, and 2, € c(A,) for every n = 1,2,... then x € c(A), where — 5 refers to
convergence in the Hausdorff distance d (S1, S2) = max {sup,cs, infyes, d2 (2,y) ,sup,cg, infres, da (z,y) }.

>This naturally bounds non-standard behavior: When |Y'| is finite, there are at most |Y| distinct utility functions, but
there are around 2!’ choice sets, and this difference increases exponentially in |Y|.

®A linear order (R, Y) is a complete, reflexive, transitive, and antisymmetric binary relation R on Y. Per convention,
max (R, A) is z € A such that zRy for all y € A\ {z}. The closed graph property is trivial if Y is finite. When Y
is a separable metric space, it may be more natural to implement structures on R and {U, : Y = R} ., (e.g., R is
continuous and U, changes continuously in y along R) so that ¢, as a result, has a closed graph. However, this approach
also introduces ad-hoc restrictions when the model is later specialized to richer domains, hence OU is written with this
generality in place.

"Ravid and Steverson (2021) studies the same behavior under a model of bad temptation.

8In Kibris, Masatlioglu, and Suleymanov (2023), higher positioned search results are conspicuous to consumers,
serving as a reference that influences their final decisions. Kibris, Masatlioglu, and Suleymanov (2024) consider the case
of marketing campaigns where a consumer is more likely to recall an advertised product and use it as benchmark to
make consumption decisions. Giarlotta, Petralia, and Watson (2023) propose that a salient item on a restaurant’s menu,
such as the frog’s legs dish in Luce and Raiffa’s Dinner, can become the reference and influence a consumer’s preference
through increased confidence.



Sections 3-5 (risk, time, and social preferences) demonstrate that richer domains provide natu-
ral remedies to and in fact benefit from the flexibility of this model. First, it significantly expands
the interpretation of ordered reference, ranging from being partially subjective (ranking lotteries by
riskiness, Section 3) to fully objective (Gini index, Section 5), so as to capture domain-specific con-
texts. Moreover, the reference order serves as an anchor along which monotonic, domain-specific
preference shifts are manifested, such as increasing risk aversion or decreasing patience along the
established order. The two components—reference order and reference effect—interact with each
other, yielding a framework that captures a highly specific and tractable form of context-dependent
preferences.

3 Ordered Expected Utility

Consider a DM whose willingness to take risk is dynamic as it depends on how much of it is
avoidable. The safest alternative in a choice set provides a natural measure for the underlying
context. Sometimes, we have the option to fully avoid risk by keeping our assets in cash or by
buying an insurance policy, and so the safest option is quite safe. But in other situations, such as a
job search or a carefully designed lab experiment in which all options involve risk, taking some risk
becomes unavoidable. This section introduces a model where a DM is more risk averse when risk is
avoidable than when it is not. The model preserves the expected utility functionals but allows for
risk aversion parameters to be reference-dependent—with the safest available alternative acting as
the reference point—where risk aversion increases when safer options become available.

3.1 Preliminaries and axioms

Consider a finite set of prizes X C R, where |X| > 2, with the largest and smallest prizes denoted
by b and w, respectively. Let Y = A (X) be the set of all probability measures over X, called
lotteries. Everything else follows Section 2. Per convention, § denotes a degenerate lottery and ¢,
denotes the degenerate lottery that gives prize = € X. For lotteries p, g and « € [0, 1], let p®¢ denote
the convex combination ap & (1 — «) g. We say the pair of lotteries (p, ¢') is a common mixture of
the pair of lotteries (p, q) if there exist a € (0, 1] and lottery s such that p’ = p®s and ¢’ = ¢“s. For
every lottery p, let p (x) denote the probability of prize x. I assume first-order stochastic dominance
(FOSD):

Axiom 3.1. If p first-order stochastically dominates q (Where p # q) and p € A, then q ¢ c(A).

The key axiom introduces a local compliance of the von Neumann-Morgenstern Independence
condition, starting with a definition that applies Independence selectively.

Definition 2. c satisfies Independence over S C A if for all A,B € S and o € (0,1}, if p € c(A),
g€ A, q%s € c(B),and p®s € B, then p®s € ¢(B) and ¢q € c(A).



{p,a,0'.d} — ¢ {a.0".d} — ¢
{p,a,0'}  — «q {e.dY  — «q
{p.a.d't — ¢ {a.p't = ¥
{p.0,d} — ¢ {rdy — ¥
{p,q} - q {a} - q
{pp't  —= p ' =y
{p.d} — ¢ {dv — ¢
{p} - D

Table 1: Non-empty subsets of A = {p,q,p’, ¢’} partitioned into two components using p (high-
lighted in bold) as an anchor, followed by the choices from these menus. Independence is violated
across components but satisfied within the left component (when p is available).

Standard expected utility requires ¢ to satisfy Independence over the set of all problems A.
Axiom 3.2 departs from standard expected utility by allowing for reference-dependent preferences
but demands local compliance with the Independence axiom for any collection of choice sets that
“share a reference.”

To illustrate local compliance, Table 1 presents a choice behavior that fails to satisfy Indepen-
dence (globally), e.g., ¢ is chosen from {p, ¢} but p’ is chosen from common mixtures {p’,q'}.
However, the choices organized on the left, all of which from choice sets that contain the potential
reference p, satisfy Independence (locally).

Before presenting the axiom formally, an additional requirement narrows down the range of
potential reference to those that may be deemed safest by the DM. If p is a mean-preserving spread
of ¢ (pMPSq), it is clearly not the safest. A second-order complements MPS by also deeming
lotteries with increased probabilities of the most extreme prizes (but keeping the relative probability
of intermediate prizes the same) to be riskier. Formally, p is an extreme spread of ¢ (pESq) if
p=0Bq® (1 - B)(ady® (1 —a)d,) for some 3 € [0,1) and o € (¢ (b),1 — q(w)).”

Definition 3. Let U (A) := {p € A : for all ¢ € A, neither pMPSq nor pESq} be the set of least risky
lotteries in A.

Axiom 3.2 (Risk Reference Dependence). For every A € A, c satisfies Independence over
{Be A:pe BC A} forsomep c VU (A).

One last axiom captures changing risk aversion when more options become available. It is

°The two risk orders are non-contradictory and typically non-nested. Extreme spread is intuitively related to Aumann
and Serrano (2008)’s risk index, where lotteries are deemed safer in the “economics sense”—under standard expected
utility, the extreme spreads of ¢ are lotteries in conv ({g, o, 9., }) that are preferred to ¢ by a more-risk-loving DM if a
more-risk-averse DM does so. Non-contradictory: extreme spreads of ¢ live in conv ({g, d», d }), which does not contain
any mean preserving contraction of ¢q. Non-nested: extreme spreads need not preserve mean, mean preserving spreads
need not maintain relative probability of intermediate prizes; in the special case where | X | < 3, mean preserving spreads
are nested in extreme spreads.



standard to say that a preference relation —; is more-risk-averse than another preference relation -
if, for any degenerate lottery ¢ and lottery p, § 7o p implies 6 7Z; p. This definition is often studied
alongside expected utility but is well-defined in its own right. Axiom 3.3 extends this definition to
lotteries that differ by a degenerate component: where p®s can be obtained from *s by reallocating
probabilities from one prize to one or more prizes. Then, it posits that a DM cannot be more-risk-
loving when a choice set expands. The underlying intuition is that additional alternatives should
only be able to increase the extent to which risk is avoidable, and if the avoidability of risk (weakly)
increases risk aversion, then the additions must not result in increased risk tolerance.

Axiom 3.3. Suppose B C A and (01, p1) , (02, p2) are common mixtures of (§,p). If 62 € ¢(B) and
p2 € B\c(B), then 6; € A implies p; ¢ ¢ (A).

3.2 Model

Definition 4. ¢ admits an Ordered Expected Utility (OEU) representation if it admits an OU
representation ({U,},cy ,R) such that for some strictly increasing (Bernoulli) utility functions

{ur : X = R}, oys

* Ur(p) =2, p(2)ur (),
* pMPSq and pESq each implies ¢Rp,
* ¢Rp implies u, = f o u, for some concave function f:R — R.
Theorem 1. c satisfies Axioms 3.1-3.3 and Continuity if and only if it admits an OEU representation.

When choice behavior admits an OEU representation, it is as if a reference alternative r (A)
for the problem A is first determined by R, which ranks safer alternatives higher, and then the
DM maximizes expected utility using the associated context-dependent (Bernoulli) utility function
u,(4)- Because the same wu,(4) is used to evaluate all alternatives in A, the DM is, as if, using a
mental process that is locally consistent with the expected utility theory. Moreover, a safer reference
leads to a (weakly) more concave utility function. This generalizes the standard model where a
DM maximizes expected utility using a single utility function throughout, but the departure from
expected utility is limited to systematic changes in risk attitude. It can be shown that (for a fixed

R) each u, is unique up to positive affine transformation, except possibly when r = b%w.19

Parametric example A simple example of OEU is when utility functions exhibit constant relative

risk aversion (CRRA),
=7 -1

uy (x) = 1—~

i

19Uniqueness is demonstrated in the proof of Theorem 1. When r = b®w, it is possible that u is only used to evaluate
lotteries that first order stochastically dominates / dominated by r, so that any strictly increasing transformation of u, is
acceptable.



where ~ falls in a subjective, individual-specific range [v,7]. For a fixed problem, the DM chooses
as though she is maximizing standard expected utility using ., for some fixed ~. Her risk aversion
~ gradually increases when more options become available. One individual may be moderately but
consistently risk averse, corresponding to a very small range of CRRA coefficients, whereas another
individual may be occasionally risk neutral but sometimes very risk averse, corresponding to a large
range of CRRA coefficients.

In applications where extreme prizes are not involved, the value « can also be intuitively param-
eterized using any risk index (of lotteries) that is consistent with the mean-preserving spread, such
as the variance.!! For example, each lottery p may be associated with an index « that is increasing

in its variance Var,,
Var,

a(p) = ——F—
Q 1 + kVar,’
the reference alternative for menu A minimizes variance and achieves o* (4) := min,c4 a (p), and

the CRRA parameter for A is given by

v(A)=a" (A)y+ (1 -a" (4)7,

where v 4, and x > 0 are individual-specific parameters representing minimum risk aversion,
maximum risk aversion, and sensitivity to context, respectively. For fixed v and 7, a higher « leads
to a bigger increase in risk aversion for the same amount of decrease in a problem’s minimum

variance.

Allais under expected utility functionals The common ratio effect in binary comparisons refers
to the observation that, say, the sure prize of $3000 (p;) is preferred to a lottery that yields $4000
with 80% chance (p2) but a lottery that yields $4000 with 20% chance (g2) is preferred to a lottery
that yields $3000 with 25% chance (¢;). If treated as separate decisions, the former decision cor-
responds to a (Bernoulli) utility function that is more concave than the latter’s under the expected
utility functional.'? Building on this observation, OEU preserves the expected utility functional but
allows the DM to use a more concave utility function in {p;, p»}, permitting the observed pair of
choices (p; and ¢2) but rules out the opposite pair (po and ¢;).!> The prediction generalizes to

other lotteries.!*

"Extreme prizes (b and w) require additional treatment to comply with the extreme spread requirement in R.

21et A = {p1,p2} and B = {q1,q2}. Suppose u4 (resp. up) explains the choice from A (resp. B) under expected
utility. After normalization (for example u4 (0) = up (0) = 0 and w4 (4000) = up (4000) = 1), choice pattern (p1, g2)
arises if and only if w4 (3000) > 0.8 and up (3000) < 0.8, which in turn implies w4 is a concave transformation of up.

13Continuing from Footnote 12, the opposite behavior requires uz (3000) > w4 (3000) and is ruled out. This observa-
tion coincides with the Negative Certainty Independence postulate in Dillenberger (2010); Cerreia-Vioglio, Dillenberger,
and Ortoleva (2015).

4Consider a degenerate lottery & and a lottery p such that neither of them first order stochastically dominates another.
Consider the lotteries ¢’ = §%q and p’ = p®q where ¢ is a lottery and « € (0, 1), and suppose |X| = 3. If § € ¢ ({5, p})
and p’ € ¢({§’,p'}), then for all u1,uz : X — R such that u; explains the first choice and u explains the second choice,
it is straightforward to show that u; = f o us for some concave function f : R — R. Moreover, these choices can always
be explained by an OEU representation such that r ({3, p}) Rr ({¢’,p'}). Conversely, suppose the choices c ({5, p}) and
c({¢',p'}) admit an OEU representation such that r ({5,p}) Rr ({§',p'}), then p € ¢ ({§',p'}) whenever p € c¢({§,p})
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Allais as WARP violations Perhaps because the Allais paradox is a direct failure of the structural
assumption Independence, many models seek to explain this “anomaly” by generalizing Indepen-
dence while maintaining the basic rationality assumption WARP. OEU takes a different approach
by linking Independence violations to the failure of WARP. Intuitively, the use of multiple utility
functions leads to a novel manifestation of the common ratio effect as WARP violations. Specifi-
cally, consider the lotteries p1 = 3000, p2 = 0.504000 D 0.500, g1 = 0.204000 D 0.703000 & 0.159, and
g2 = 0.484000 ® 0.303000 0.3 related by common mixture.!> A DM who chooses p; over ps, ¢» over
q1, and ¢; over p; in binary comparisons commits the common ratio effect (between the first two
choices), which can be reconciled in OEU by a reference order R that ranks p; the highest. Now,
consider the choice set {p1,q1, g2}. Since R ranks p; the highest, the same utility function is active
for {p1,q1, 92}, {p1,p2}, and {p1,q1}, and therefore expected utility predicts the choice of ¢; from
{p1,q1,q2}. But this is a WARP violation since ¢, is chosen from {q;, ¢2}. This simple observation
introduces a direct link between structural violations and basic rationality violations.

Other evidence While the Allais paradox takes center stage, the evidence and intuition for in-
creased risk aversion in the presence of safer options are also found in a wide range of studies. In a
setting meant to test for the compromise effect, Herne (1999) found that the presence of a safer op-
tion results in WARP violations in the direction of greater risk aversion. Wakker and Deneffe (1996)
introduces the tradeoff method to elicit risk aversion without using a sure prize and found that the
estimated utility functions are less concave relative to standard methods that involve sure prizes.
Andreoni and Sprenger (2011) found similar effects when the safest option is close enough to cer-
tainty. Bleichrodt and Schmidt (2002) and Schneider and Day (2018) study how avoidable risk can
increase risk aversion and discuss empirical evidence; the former focuses on binary comparisons,
while the latter provides practical functional forms.

Linking structural properties to basic rationality It turns out that in an OEU, WARP and Inde-
pendence are indispensably relaxed in the sense that adding either will bring us back to standard
expected utility, an observation that provides a formal separation between OEU and non-expected
utility models that uphold basic rationality. It further suggests that Independence violations in this
model are more fundamentally linked to preferences changes. Specifically, if ¢ admits any utility
representation, then it must also have an expected utility representation.'® Intuitively, the ex-
pected utility functional forces Independence violations to be accommodated using different objec-
tive functions (U,.), and the maximization of different objective functions lead to WARP violations.
Denote by D the collection of all doubletons in .A.

Proposition 1. If ¢ admits an OEU representation, then the following are equivalent:

(and equivalently § € ¢ ({6, p}) whenever §' € ¢ ({d’,p'})).

P = 2p1 @ 2sand g2 = Zps @ 25 where s = $84000 B 53000 B 5 0.

16As is standard, we say c admits a utility representation if there exists a real valued function U : Y — R such that
c(A) = argmaxyca U (y) for all A € A.
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1. c satisfies WARP over A.
2. csatisfies Independence over D.
3. ¢ admits an expected utility representation.

4. ¢ admits a utility representation.

Identification of reference Standard expected utility behavior is a special case of OEU where
utility functions coincide, and therefore it is impossible to always achieve unique identification of
R. However, two lotteries that index different utility functions always have a unique R relation-
ship. First, if two choice sets differ only by p, and choices are inconsistent with expected utility
maximization, then we identify that p ranks highest in R among the other alternatives in the choice
set. It turns out that the converse is also true. As long as p and ¢ index different utility func-
tions, if (without loss of generality) pRq, then we can find choice sets A, B such that p,q € A and
B = A\ {p} where choices from A and B violate WARP, meaning we revealed pRq.!”

4 Ordered Discounted Utility

The canonical model for time preference is Discounted Utility, where a DM evaluates each payment-
time pair (z, t) using exponential discounting, i.e., U (z,t) = 6'u (x). But the Stationarity condition
implied by this model is routinely challenged by lab and field subjects who switch their choices
between two payments when the decision is made in advance, typically favoring the later op-
tion for long-term decisions, an actively studied behavioral phenomenon called present bias (Laib-
son, 1997; Frederick, Loewenstein, and O’donoghue, 2002; Benhabib, Bisin, and Schotter, 2010;
Halevy, 2015; Chakraborty, 2021; Chambers, Echenique, and Miller, 2023). This section studies
how present bias is related to WARP-violating preference changes. The original axioms in Fishburn
and Rubinstein (1982) are imposed only among choice sets that share a reference point, which in
this case is the soonest available payment, as it partially captures how early in advance a DM is
making the decision.

4.1 Preliminaries and axioms

Let X = [a,b] C R be a non-degenerate interval of payments and let 7' = [0,¢] C R>( be a non-
degenerate interval of time points. Let Y = X x T be the set of all timed payments, where each
option (z,t) € X x T is a payment of z that arrives at time ¢. Everything else follows Section 2. To
simplify analysis, I assume the upper bound of payments is large enough so that some payment at
time ¢ is better than the worst payment at time 0, that is, (b,¢) € ¢ ({(a,0), (b,t)}). The first axiom
is standard: greater payments and sooner payments are better.

7The proof of Proposition 1 contains this observation. Essentially, it relies on a less obvious property implied by the
model that guarantees the existence of a full-dimensional subset of lotteries that rank below p and ¢ in R but are better
than p and ¢ when they act as the reference points.
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Axiom 4.1.
1 o >y then e ({(x,1). (5, )}) = {(w, ).
2. Ift <s, then c({(x,t), (z,s)}) = {(x,t) }.

The well-known Stationarity condition posits that a DM’s preference between two future pay-
ments is consistent regardless of when the decision is made. Consider the following definition that
allows for selective application.

Definition 5. c satisfies Stationarity over S C Aif for all A,B € S and a > 0, if (z,t) € c(A),
(y,q) € A, (y,q+a) € ¢(B), and (z,t + a) € B, then (z,t + a) € ¢(B).

Whereas global compliance with Stationarity is captured by S = 4, the next axiom demands
local compliance between two choice sets that share an earliest payment.

Definition 6. Let ¥ (A) := {(z,t) € A:t < qforall (y,q) € A} be the set of earliest payments in A.

Axiom 4.2 (Time Reference Dependence). If ¥ (A) N W (B) # (), then c satisfies Stationary over
{A, B}.

It turns out that Axiom 4.2 is a variant of Axiom 3.2, except that ¥ and the behavioral property
being generalized have been adapted to the new domain. More generally, it is an application of the
meta-framework RD introduced later in Section 6:

Lemma 1. c satisfies Axiom 4.2 if and only if for every A € A and (z,t) € ¥ (A), c satisfies Station-
arity over {B € A: (z,t) € BC A}.

The next postulate rules out increased patience when more options become available. Intu-
itively, additional options can only tempt the DM to be impatient, and if an impatient choice is
already made from B, for example if (z1,%;) is (strictly) chosen over (z9,t2) where t; < t3, then
there is no superset A O B such that the DM becomes more patient by choosing (z2,t2 + d) in the
presence of (x1,t; + d).

Axiom 4.3. Suppose B C A, t; < ty, and d € R. If (x1,t1) € c¢(B) and (z2,t2) € B\c(B), then
(l‘l,tl + d) cA implies ($2,t2 + d) §é c (A)

However, this falls short of definitively capturing changes in patience. Even in a completely
standard world where every individual maximizes exponentially discounted utility, behavioral dif-
ferences in delay aversion (among individuals) cannot be definitively decomposed into differences
in discounting and differences in consumption utility, an issue discussed in Ok and Benoit (2007).
Meaning an individual who prefers the sooner alternative could have greater patience paired with
lower marginal utility for money.

The next postulate addresses this issues by capturing fixed consumption utilities under vary-
ing discounting/patience: Suppose a DM is indifferent between all options in the choice set
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{(z1,t1), (x2,t2), (z3,t3)}, where x; < x9 < z3 and t; < t2 < t3. Then in the choice set
{(z1,At1), (x2, At2), (z3, At3)} where 0 < A\ < 1, since the delays between options have shortened,
a standard exponential discounting DM would pick (z3, At3) as the new choice. Our DM, instead,
will face competing forces. On the one hand, the possibility of sooner consumption makes her more
impatient; on the other hand, shorter delays between options make later payments more attractive.
Allowing her the freedom to resolve these competing forces, the next postulate requires that if she
ends up choosing both (z1, At;) and (z3, At3)—as if the competing forces are balanced—then she
must also choose the intermediate option (x2, At2). The same requirement applies when a common
delay (or advancement) d is additionally imposed. Both Axiom 4.3 and Axiom 4.4 are trivially

satisfied in exponential discounting.

Axiom 4.4. Consider A = {(x1,t1),(x2,t2), (z3,t3)} such that t; < to < t3 and A" =
{(x1,X\t1 +d), (x2, A2+ d), (x3, M3+ d)} such that 0 < A < land d € R If ¢(A) = A, then
either ¢ (A") = {(z1,\t1 + d)}, ¢ (A") = {(x3, M\t3+ d)}, or c (A') = A'.

4.2 Model

Since we consider the standard environment where sooner is always better, discount factors are
restricted to non-negative real numbers strictly less than 1, with the exception of r = (z,t) for
which §, = 1 is possible.

Definition 7. ¢ admits an Ordered Discounted Utility (ODU) representation if it admits an OU
representation ({U,},y , R) such that for some strictly increasing function v : X — R and discount
factors {4, },cy,

o U, (a,t) = 8tu (),
* t < t'implies (z,t) R (2',t") and 6, 4) < d(y4)s
* t =t implies 0(, 1) = 0(y.)-
Theorem 2. c satisfies Axioms 4.1-4.4 and Continuity if and only if it admits an ODU representation.

In this model, it is as if in every instance of decision making, the DM uses a mental process that
is consistent with exponentially discounted utility, except that she has context-dependent discount
factors. The same discount factor is used to evaluate all alternatives in a problem, but the discount
factor depends on the timing of the earliest available payment in the underlying problem. When it
is possible to choose an early payment, the DM uses a lower discount factor, resulting in behavior
that reflects reduced patience. The model thus delivers present bias behavior using familiar tech-
nologies—since the exponential discounting form is preserved in every instance of decision-making,
changes in patience are simply captured by set-dependent discount factors. Intuitively, with the en-
tire set of possible payments progressively postponed, the DM begins to treat them more akin to

long-term concerns than before, resulting in increased patience.
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It can be shown that ¢, is unique given u, except possibly when r = (z,7).'® In applications,
since the reference order and the discount factors depend only on the timing of a payment, it is
without loss to consider discount factors that are based on time rather than on alternatives. This is
achieved by setting d; := (2, for all ¢ € T and then using the earliest available time of a payment
as reference point.

Generalized single-switching Changes in preferences are tractable due to a generalized single-
switching property. In binary comparisons, a unique threshold captures the postponement beyond
which the later payment will be chosen and before which the sooner payment will be chosen. In
more general choice sets, this threshold no longer guarantees a choice between the two timed pay-
ments but continues to stipulate the point of postponement beyond which the sooner payment can-
not be chosen (because the later payment is available) and before which the later payment cannot
be chosen (because the sooner payment is available). This generalized single-switching property
thus extends our understanding of present bias in binary comparisons to arbitrary choice sets—even
in the absence of basic rationality assumptions—and it is closely tied to the unified framework in
which references are ordered and preference shifts systematically along this established order.

Present bias as WARP violations Although present bias is typically viewed as a structural viola-
tion, ODU predicts a novel manifestation of present bias as WARP violations. Consider the present
bias behavior where “$20 in 4 days” is chosen over “$18 in 3 days,” but “$18 today” is chosen over
“$20 tomorrow.” In ODU, this behavior is explained using a lower discount factor for the latter
choice set. However, notice that under this lower discount factor, “$18 in 3 days” is preferred to
“$20 in 4 days,” so the introduction of a third option that induces this discount factor but is not
itself chosen, for example “$15 today,” will result in a reversal where “$18 in 3 days” is chosen over
“$20 in 4 days.” This is now a WARP violation that shares the same underlying driver as present
bias behavior, even though present bias is typically studied in binary comparisons. In fact, consis-
tent with the spirit of present bias, WARP violations in ODU are restricted to decreased patience,
and only when sooner payments are added.

Linking structural properties to basic rationality To further ascertain the aforementioned con-
nection, Proposition 2 shows that relaxing just one of the two conditions would fully recover stan-
dard exponential discounting. Consequently, if an ODU DM has any utility representation, then she
must also have a standard exponential discounting utility representation. This adds to the sugges-
tion that “anomalies” captured by ODU are rooted in systematic changes in preferences. Recall that
D is the collection of all doubletons in A.

Proposition 2. If ¢ admits an ODU representation, then the following are equivalent:

8Uniqueness is demonstrated in the proof of Theorem 2. When r = (x, ), . is only used to evaluate alternatives that
also arrive at time ¢, so any J, paired with a strictly increasing u can explain those choices. It could still be unique if
lim; 7 6(s,) = 1, since an ODU representation requires 6,y < 65,5 < 1.
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1. c satisfies WARP over A.
2. c satisfies Stationarity over D.
3. ¢ admits an exponential discounting utility representation.

4. c admits a utility representation.

Hyperbolic discounting Proposition 2 separates ODU from hyperbolic discounting, quasi-
hyperbolic discounting, and related generalizations (Phelps and Pollak, 1968; Loewenstein and Pr-
elec, 1992; Laibson, 1997; Frederick, Loewenstein, and O’donoghue, 2002; Chambers, Echenique,
and Miller, 2023; Chakraborty, 2021) due to their adherence to basic rationality, but the empirically
informed intuition that discount factors can vary is shared. In contrast, ODU varies discount factors
at the choice problem level whereas hyperbolic discounting does so at the alternative level. Binary
comparisons hold similar behavioral implications: when two options are gradually advanced, there
may be a point where the choice is switched from the sooner to the later.'? But for larger choice
sets, unlike ODU, hyperbolic discounting predicts that the preference ranking between any two
options stays the same regardless of the presence of a third alternative.

WARP violations in other time preference settings Beyond the conventional time preference
setting, an active literature on menu preference applies Gul and Pesendorfer (2001)’s temptation
model to study how smaller menus can act as commitment devices that avoid present bias behavior
(Noor, 2011; Lipman, Pesendorfer, et al., 2013; Ahn, Iijima, Le Yaouang, and Sarver, 2019). In
these models, past and future selves prefer to choose differently from the same set of alternatives,
which could manifest as a reversal if played out, therefore ODU and these models tackle dynamic
inconsistency using related intuitions about long-term and short-term attitudes.

Freeman (2021)’s task completion study, which is related to the above literature and closer
to ODU'’s setting, considers a time-inconsistent DM who exhibits choice reversals when additional
opportunities for completions are introduced. In particular, a sophisticated DM ends up completing
the task earlier, therefore choosing a sooner option when choice set expands is a common theme
between our work. However, the manifestation of this behavior is different; a reversal in ODU can
only occur when an alternative earlier than any other is added, yet in Freeman (2021), adding
this kind of alternatives either results in the addition chosen or the choice remains unchanged,
therefore WARP will hold.

Consumption streams Focusing on one-time payment helps glean the intuition of this frame-
work, but the approach already suggests how an extension to consumption streams, where the DM
maximizes ) , 5:‘;( AU () (for discrete time), can be introduced. If 7 (A) is the consumption stream
that offers the soonest payment, then the characterization amounts to adding Koopmans (1960)’s

¥Chakraborty (2021) calls this Weak Present Bias and studies its implications.
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axioms alongside Stationarity (Section 6 discusses adaptable axioms, which include common ver-
sions of separability).

5 Ordered Social Utility

Consider a DM whose willingness to share is greater when the situation allows for greater equality.
This behavior departs from models of other-regarding preferences that capture a fixed inequality
aversion (Fehr and Schmidt, 1999; Bolton and Ockenfels, 2000; Charness and Rabin, 2002). To
illustrate, suppose a DM is endowed with $10 and is asked to share it with another individual.
However, instead of choosing any split of this $10, she was only given a few options. When asked
to choose between giving $2 and giving $3, giving $2 may seem like a fair decision. However,
when the choice is between giving $2, $3, or $5, she may opt for giving $3 instead. The choices
c({(%8,%2),(87,33)}) = {(38,%2)} and ¢ ({($8,$2), ($7,93),($5,%5)}) = {($7,$3)} violate WARP,
and hence a fixed utility function, even if it captures other-regarding preferences and inequality
aversion, is incapable of explaining this behavior.

5.1 Preliminaries and axioms

Let Y = [w,+00) x [w,+00), where w € Ry, be a set of income distributions. For each option
(z,y) € Y, z is the dollar amount received by the DM and y is the dollar amount given to another
individual. Everything else follows Section 2. The first axiom assumes that an income distribution
is strictly preferred if it gives someone more and no one less.

Axiom 5.1. If o > o/, y > o/, and (z,y) # («/, /), then ¢ ({(.1) , («/,y/)}) = {(x, )}

Related in spirit to Axiom 3.2 and Axiom 4.2, the key axiom of this section identifies behavior
that conforms with quasi-linear preferences when the underlying choice sets have the same level of

attainable equality.?°

Definition 8. c satisfies Quasi-linearity over S C Aifforall A,B € Sand a € R, if (z,y) € c(A),
(@',y) € A, (2" + a,y) € ¢(B), and (z + a,y) € B, then (z + a,y) € c(B).

The measure of attainable equality is based on the Gini coefficient,

e

which ranges from 0 (most balanced) to 0.5 (least balanced) for our 2-agents setting. Analogous
to other domains, compliance with Quasi-linearity is called for when choice sets share a Gini-
minimizing income distribution.

20Since the model involves reference-dependent preferences, using quasi-linear utilities as baseline (rather than using
more general models of other-regarding preferences) provides meaningful restrictions.

17



Definition 9. Let ¥ (A4) := {(z,y) € A: G ((z,y)) < G((«/,y)) for all (a/,y") € A} be the set of
most-balanced income distributions in A.

Axiom 5.2 (Equality Reference Dependence). If U (A) N W (B) # (), then c satisfies Quasi-linearity
over {A, B}.

Lemma 2 shows that Axiom 5.2 is a variant of Axiom 3.2, except that ¥ and the behavioral prop-
erty being generalized have been adapted to the new domain. More generally, it is an application

of the meta-framework RD introduced later in Section 6.

Lemma 2. c satisfies Axiom 5.2 if and only if for every A € A and (z,t) € ¥ (A), ¢ satisfies Quasi-
linearity over {B € A: (z,t) € B C A}.

The next and last postulate regulates changes in preferences. Suppose y > y’ and a DM chooses
to share more (z,y) than to share less (z/,3). I postulate that making more options available will
not cause the DM to switch to sharing less, since the added options can only increase attainable

equality.
Axiom 5.3. Suppose B C Aandy > . If (z,y) € ¢(B) and (2',y') € B\c(B), then (2',y') ¢ ¢ (A).

5.2 Model

Definition 10. ¢ admits an Ordered Social Utility (OSU) representation if it admits an OU repre-
sentation ({U,},y , R) such that for some strictly increasing functions {v, : [w, +o0) = R}, cy,

* Ur(z,y) =z + v (),
* G(r) < G(r') implies rRr’ and v, (y) — v, (v/) > v (y) — v (v') for all y > o/,
* G(r) =G (1) implies v, = v,.
Theorem 3. c satisfies Axioms 5.1-5.3 and Continuity if and only if it admits an OSU representation.

OSU combines an objective measure of equality with a subjective interpretation of fairness.
Every DM bases her choice on the Gini-minimizing option, r (A), as it captures the amount of
attainable equality in a choice set. When attainable equality is higher (G (r (A)) is lower), utility
difference between sharing more and sharing less increases, reflecting increased willingness to
share. The amount of increase depends on the DM’s subjective sense of fairness. A very large
increase causes WARP violations, where the DM switches from an option that shares less to an
option that shares more even though both options are always present. Like in the other domains,
preference parameters {v,}, ., are unique.?!

For applications, it is without loss to further simplify OSU by using Gini coefficient—rather than
alternatives—to index context-dependent utility from sharing. To do so, for all G € [0,0.5), set
O = U(yy) Where G = G/((z,y)), and then use the lowest attainable Gini coefficients as reference

points.

2lUniqueness is demonstrated in the proof of Theorem 3.
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Menu-dependent altruism As in the motivating example, the model explains context-dependent
willingness to share when distributing a fixed pie with different splitting options. Suppose a DM
is allocating $M between herself and another individual, and each choice set is characterized by a
set of splitting fractions D C [0, 1]. That is, she can allocate « - $M to herself and (1 — «) - $M to
other party if and only if & € D. Consider D = {0.6,0.7} and D’ = {0.5,0.6,0.7}. Since attainable
equality is greater in D’ (it contains an equal split), a DM who chooses 0.7 from D may exhibit
increased willingness to share that results in choosing 0.6 from D’, even if this violates WARP. But
the model rules out the opposite behavior: A DM who chooses 0.6 from D cannot choose 0.7 from
D’, since it would imply decreased willingness to share. Also, a reversal cannot happen between
D ={0.6,0.7} and D" = {0.6,0.7,0.8} since they have the same level of attainable equality.

Equality over generosity Willingness to share is maximized when a perfectly balanced income
distribution is available. In particular, the model captures increased altruism not due to the op-
portunity to give more per se, but due to the opportunity to be equal. To illustrate the difference,
consider the same example but with D = {0.5,0.3,0.2} and D’ = {0.3,0.2}. Even though D con-
tains alternatives that achieve greater equality, the DM’s ability to give is the same across the two
choice sets. Yet, since the feasible allocations are always unfavorable to her, higher attainable
equality results from her ability to take more. In this example, the DM may be interpreted as be-
ing less altruistic when the world is unfair to her, but becomes more altruistic when more greater
equality becomes possible.

Fairness over efficiency Consider one last application where OSU allows for willingness to forgo
a greater total surplus in favor of sharing. Suppose the DM must choose between ($30,$20) and
($60, $0). The second option is appealing in that the total amount of money is greater, whereas the
first option sacrifices both total surplus and payment to oneself in order to provide a share to the
other individual. Suppose ($60,$0) is chosen. In OSU, adding ($25, $25) as an option can cause
the DM to switch from ($60, $0) to ($30, $20) due to increased altruism. While this behavior seems
reasonable, it is inconsistent with any model that complies with WARP.

Empirical evidence The vast literature on distributional preferences provides suggestive evidence
for OSU behavior. Moreover, unlike the case of risk and time domains, they do focus on basic ratio-
nality violations. In dictator games, List (2007); Bardsley (2008); Korenok, Millner, and Razzolini
(2014) find that changes to a dictator’s choice set affect her willingness to give and result in WARP-
violating choices. Dana, Cain, and Dawes (2006) investigate the underlying mechanism by making
the dictator game an option and Dana, Weber, and Kuang (2007) do so by manipulating the visi-
bility of the choice set. They find the audience effect, where fair behavior is the result of subjects’
desire to be perceived (by themselves and others) as fair. Rabin (1993) studies an intention-based
explanation in game theoretic settings where kindness is reciprocated. Although existing studies
motivate OSU, the model does not distinguish between willingness to share that depends intrinsi-
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cally on outcomes and that resulting from intentions.??

In a more recent study, Cox, List, Price, Sadiraj, and Samek (2016) conduct experiments that
explicitly test for basic rationality violations in dictator games and, consistent with OSU, find that
shrinking a choice set results in WARP violations in the direction of keeping more for oneself.
They propose a modification to basic rationality by introducing a testable prediction based on a
definition of moral reference points, which depend on the framing of the problem (e.g., “Give”
and “Take”) and features of the feasible distributions. When moral reference points are fixed,
rationality postulates are satisfied; otherwise, violations favor the party who benefits from the new
moral reference point. Their work provides empirical support for OSU, which in turn offers a theory

that complements their findings.

Observable contexts and menu preference The intuitions contained in OSU resonates with
other studies that, unlike OSU, exploit a richer setting. In settings that include multiple actors,
Cox, Friedman, and Sadiraj (2008) study how the generosity of a first mover affects the altruism of
a second mover. Cheung (2023) focuses on a second mover who, more generally, makes different
decisions from the same choice set based on how the underlying choice set was chosen by a first
mover. Relatedly, van Bruggen, Heufer, and Yang (2023) consider a DM whose social preference
depends on exogenous contexts like “selfish” and “generous.” In a menu preference setting, Dil-
lenberger and Sadowski (2012) study a DM who has shame concern and prefers a smaller menu
that excludes normatively better allocations that entail lower self-payoffs, since not choosing those

options can induce shame.

Linking structural properties to basic rationality Like in the other domains, Proposition 3
shows that WARP violation and failure of standard postulate (Quasi-linearity) are linked. In this
setting, it also suggests that wealth effects may be in part contributed by reference dependent
preferences. Recall that D is the collection of all doubletons in .A.%3

Proposition 3. If ¢ admits an OSU representation, then the following are equivalent:
1. csatisfies WARP over A.
2. c satisfies Quasi-linearity over D.
3. ¢ admits a quasi-linear utility representation.

4. c admits a utility representation.

22More on outcome-based vs intention-based inequality aversion can be found in Ainslie (1992), Nelson (2002), Fehr
and Schmidt (2006), Sutter (2007), and Kagel and Roth (2016).

BQuasi-linear utility in wealth is often interpreted as the absence of wealth effects. In this domain, it means an
individual’s willingness to give does not depend on how much she would have left—her wealth—because if giving ¢ is
better than giving ¢’ with a base wealth w, i.e., (w —t) + v (t) > (w —t') + v ('), then the same holds true at a different
wealth level w’, i.e., (w' —t) +v (¢) > (w' —t') + v (¥).
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6 General Framework

The models in all three domains share a “meta” axiomatic framework that in its simplest form
characterizes OU. The core of this approach is the generalization of an arbitrarily given behavioral
postulate by calling for its local compliance, a general notion called Reference Dependence (RD).
Given a behavioral postulate of interest 7 and an objective range in which reference points lie
¥, formalized later in this section, RD follows the template “for every choice set A, the choice
correspondence c satisfies 7 over {B € A:z € B C A} for some x € ¥ (A).”

To illustrate the basic idea, consider the following definition that maintains the behavioral re-

striction in WARP but allows for its selective application to a subset of problems S C A.

Definition 11. c satisfies WARP over S C Aifforall A,B € S, if B C Aand c(A4) N B # (), then
c(A)N B =c¢(B).

The classical rationality assumption is to impose WARP over S = A. The following postulate
imposes WARP locally using a reference point as the anchor and obtains the OU representation
introduced in Section 2.24

Axiom 6.1. For every choice set A € A, c satisfies WARP over {B € A:x € B C A} for some = € A.
Theorem 4. c satisfies Axiom 6.1 and Continuity if and only if it admits an OU representation.

Axiom 6.1 is first introduced in Rubinstein and Salant (2006) as the reference point property.
To interpret this axiom, suppose choices from A and its subset B constitute a WARP violation. If
this is caused by a change in reference point, specifically, that the reference alternative of A was
removed when we go to subset B, then a natural limitation of WARP violations would arise: Had
we not removed the reference alternative of A, choices must satisfy WARP. To put it differently,
suppose that by preserving some alternative x in A, choices from the subsets of A would comply
with WARP, then z is a candidate reference alternative of A. Axiom 6.1 demands that every choice
set contains (at least) one candidate reference alternative, which makes it less demanding than the
standard postulate that imposes WARP globally.

The remainder of this section introduces RD formally, starting with a general definition of a
generic behavioral postulate, and the key result (Lemma 3) that provides the meta-framework for
Theorem 1, Theorem 2, Theorem 3, and Theorem 4.

Given Y and A (Section 2), let C be the set of all general choice correspondences ¢ : B — A such
that B C A and ¢(B) C B for all B € B. For a general choice correspondence with domain A, we
simply call it a choice correspondence. Call ¢ : S — A a subcorrespondence of ¢ : B — A if S C B and

24Kibris, Masatlioglu, and Suleymanov (2023) and Giarlotta, Petralia, and Watson (2023) propose a related gener-
alization of WARP: “if dropping z in the presence of y causes a WARP violation (a reversal), then dropping y in the
presence of x cannot.” Their formulation is not immediately adaptable to richer domains: Let p’, ¢’ be common mixtures
of p,q. Using notation {p,q} to denote “p is chosen from the choice set {p,q},” the choices {p,q,p’,q'}, {p,a,»'},
{pa.d}, {p.0.d}, {a.v, U}, {p.a}, {p. 0"}, {p,d'}, {a. 9"}, {a,d'}, {P'. ¢’} satisfy their axioms even after counting
Independence violations as reversals, but there is no reference alternative in {p, ¢, p’, ¢’} because { ¢, q } and { P, q }
violate WARP whereas {p,q,p’, ¢’} and {p’, ¢’} violate Independence. Axiom 3.2 excludes this behavior.
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¢(B) = c¢(B) whenever defined. If, furthermore, S is finite, then call ¢ a finite subcorrespondence
of c. A behavioral postulate imposed on general choice correspondences can be identified using a
subset 7 of C where some general choice correspondences are admitted and others excluded. In
line with how behavioral postulates are typically introduced, I focus on postulates that are easier
to satisfy when fewer observations are considered, and call them theories.

Definition 12.

1. 7 C Cis a theory if for all ¢ € T, every subcorrespondence of c is in 7.

2. T CC is afinite theory if it is a theory and for all ¢ € C\T, there exists a finite subcorrespon-
dence of ¢ that is notin 7.

Postulates that place restrictions on finitely many choice sets at a time are finite theories, such as
the common definitions of WARP, monotonicity, transitivity, convexity, betweenness, separability,
independence, stationarity, and many others. These are postulates where non-compliance can
always be concluded using finitely many observations. Note that an empirically falsifiable property
need not be a finite theory, but a finite theory is empirically falsifiable unless it is trivial (i.e.,
T = C).%> Non-examples include various versions of continuity and infinite acyclicity since they
require an infinite number of observations to substantiate a violation. When Y is finite, every
theory is trivially a finite theory. Imposing multiple postulates, 71 and 7, is equivalent to taking
the intersection 77 N 72 C C. Because taking intersection of theories (resp. finite theories) yields a
theory (resp. finite theory), this characterization can simultaneously account for multiple postulates
(or, a model).26

The next result introduces RD, a reference-dependent generalization of a generic behavioral
postulate 7, and shows that it is equivalent to a representation in which observations are parti-
tioned using a reference order R such that 7 holds within each part. Given ¢ : B — A, if its
subcorrespondence ¢ : S — A is in T, I say “c satisfies 7 over S.” A correspondence ¥ : B — A
where W (A) C A is called an aw—correspondence if for all A,B € B,ifa € V(A)and a € B C A4,
then a € ¥ (B). Given a linear order (R,Y), let r (A) denote the unique element = € A such that
xRy for all y € A. A linear order (R,Y) is called W-consistent if for all A € B, r (A) € ¥ (A).

Lemma 3. Consider a choice correspondence c, a finite theory T, and an a—correspondence W. The

following are equivalent:

1. Reference Dependence (RD): For every choice set A € B, c satisfies T over {B € B:x € B C A}
for some z € W (A).

21t is commonly understood that an empirically falsifiable property is one that can be falsified with finitely many
observations (i.e., there exists ¢ € C\7 such that |dom (¢) | < o0). Consider the combination of WARP and some version
of continuity, it is a theory, and it is empirically falsifiable since WARP needs just two observations to falsify. Yet in the
absence of WARP violations, a choice correspondence can still violate continuity, which is a non-compliance that cannot
be substantiated with finitely many observations.

%Theory: Consider any ¢ € 7; N Tz. For any ¢ € C where ¢ C ¢, since 73,7z are theories, we have ¢ € 77, Tz, and
hence é € 71 N 72, so T1 N T2 is a theory. Finite theory: Suppose 71 and 7> are finite theories, which are theories, and so
71 N T; is a theory. Consider any ¢ € C\ (71 N 72). Without loss of generality say ¢ ¢ 71, so by definition of finite theory
we can find a finite subcorrespondence ¢ of ¢ where ¢ ¢ 71, which means ¢ ¢ 71 N 7.
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2. There exists a V-consistent linear order (R,Y’) such that for all x € Y, c satisfies T over
{BeB:r(B)=ux}.

If W is the identity function, then the first condition in Lemma 3 is satisfied when, for each
choice problem A, some alternative x € A serves as an anchor that guarantees compliance with 7 in
subsets of A. In anticipation, this anchor is a potential reference alternative for A, so the condition
can be understood as “there is a reference in every A.” When ¥ is not the identity function, we
further demand that a potential reference alternative can be found in a predetermined subset of the
choice problem, ¥ (A) C A, making reference formation less subjective. The case of fully objective
reference is captured when ¥ (A) is a singleton for all A, since it fully pins down the reference. RD
is always falsifiable (whenever 7 is) and can be written without using an existential quantifier.?”

7 Related Literature

The earliest literature on context effects considers a DM who does not assign a persistent utility
to an alternative but rather evaluates it by explicit comparisons with available alternatives (e.g.,
attraction, compromise, salience, and focusing) or with a reference point (e.g., loss aversion, status
quo bias).?® Differently, this paper falls into a recent trend that studies context effects even if it does
not involve explicit comparisons. The baseline model, if restricted to generic finite alternatives, can
be traced back to triggered rationality in Rubinstein and Salant (2006).%° The present paper indis-
pensably generalizes its axiomatic foundation to develop a meta-framework that captures ordered
context effects in risk, time, and social preferences. Also taking an umbrella approach using refer-
ence dependence, Ellis and Masatlioglu (2022) study categorical thinkers who evaluate alternatives
after reference-dependent category assignments; however, their work builds on a completely dif-
ferent framework with neither ordered context effects nor canonical functional forms. Closer to the
present study, Kovach (2020) studies wishful thinkers who evaluate acts using expected utility func-
tionals, thereby preserving canonical functional forms, but with reference-dependent subjective
beliefs that deliver context effects.

Ordered context effects are also closely related to a growing literature on random utility and
random choice that considers ordered types (Apesteguia, Ballester, and Lu, 2017; Apesteguia and
Ballester, 2018; Filiz-Ozbay and Masatlioglu, 2023; Apesteguia and Ballester, 2023; Chambers,
Masatlioglu, and Yildiz, 2025), sharing in common the tractability afforded by restricted hetero-

geneity. Indeed, the notion of order in Apesteguia, Ballester, and Lu (2017) is consistent with the

?7Falsifiability because each choice set A € B is finite. The current formulation with an existential quantifier the current
formulation best describes a universal template of reference-dependent generalization. Applications of this formulation
without an existential quantifier are considered in Section 4 (time preference) and Section 5 (social preference).

28See attraction effect (Huber, Payne, and Puto, 1982), compromise effect (Simonson, 1989), salience (Bordalo, Gen-
naioli, and Shleifer, 2012, 2013), focusing (K&szegi and Szeidl, 2013)), loss aversion (Kahneman and Tversky, 1979;
Készegi and Rabin, 2006), and status quo bias (Masatlioglu and Ok, 2005, 2014). See also Tversky and Kahneman
(1991); Kahneman, Knetsch, and Thaler (1991); Rubinstein and Zhou (1999); Sagi (2006); Apesteguia and Ballester
(2009); Ortoleva (2010); Dean, Kibris, and Masatlioglu (2017); Freeman (2017); Tserenjigmid (2019).

29Triggered rationality is further investigated by Kibris, Masatlioglu, and Suleymanov (2023); Giarlotta, Petralia, and
Watson (2023) with different characterizations and applications.
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monotonic changes in risk, time, and social preferences considered in this paper, and the more gen-
eral notion in Filiz-Ozbay and Masatlioglu (2023) suggests future directions where ordered context
effects apply to bounded rationality. A stark difference, however, is that the DM in this paper uses
only one, deterministic utility function for every choice problem despite having an ordered set of
utility functions. Because choices are deterministic and locally canonical, the framework also dif-
fers from existing notions of “multiple selves” (Dubra, Maccheroni, and Ok, 2004; Hara, Ok, and
Riella, 2019) and more general forms of random utility (Gul and Pesendorfer, 2006; Lu and Saito,
2018). It is as if the DM has “multiple selves” but only one is activated based on the features of the
underlying choice problem, capturing the novel behavior where choices are locally canonical but
ordered in aggregate.

Methodologically, this paper introduces a new way to characterize endogenous reference forma-
tion that preserves canonical functional forms. A well-known technical challenge is that canonical
axioms are insufficient under limited datasets, but ordered reference can impart sufficient richness
to each (reference-dependent) collection of behavior to obtain a canonical representation with-
out strengthening axioms.3® This is conceptually related to the characterization of local expected
utility using weak local independence (Ke and Zhao, 2024). Building on ordered reference, con-
text effects (e.g., more risk averse, more impatient) are intuitively characterized by simply relating
small and large choice sets, thereby capturing the behavioral content of negative certainty indepen-
dence (Dillenberger, 2010; Cerreia-Vioglio, Dillenberger, and Ortoleva, 2015) and weak present bias
(Chakraborty, 2021) in a more general setting.

More broadly, the paper contributes to a growing interest that focuses on the comprehen-
sive examination of non-standard behaviors, which includes correlated biases (Burks, Carpenter,
Goette, and Rustichini, 2009; Dean and Ortoleva, 2019; Chapman, Dean, Ortoleva, Snowberg,
and Camerer, 2023; Stango and Zinman, 2023), assessing a broad spectrum of “anomalies” as
potential mistakes (Nielsen and Rehbeck, 2022), linking non-standard risk and time preferences
(Chakraborty, Halevy, and Saito, 2020), separating preference inconsistency and parametric mis-
specification (Halevy, 2015; Polisson, Quah, and Renou, 2020; Echenique, Imai, and Saito, 2020,
2023; de Clippel and Rozen, 2023), and revealed preference analyses that focus on basic rationality
in rich/different domains (Dembo, Kariv, Polisson, and Quah, 2021; Halevy, Walker-Jones, and Zrill,
2023; Chen, Liu, Shan, Zhong, and Zhou, 2023). From a characterization perspective, the study of
choice models may have rightly begun by theoretically decomposing complex behavior into axioms
with distinct interpretations—such as “basic rationality” and “structural assumptions”—which may
have led to their separate examinations in subsequent work. This paper explores how the two
notions may be intuitively related within a framework of ordered context-dependent preferences.

30gee Samuelson (1948); Aumann (1962) for the insufficiency of canonical axioms and see Houthakker (1950);
Echenique, Imai, and Saito (2020); de Clippel and Rozen (2021) for examples of strengthening axioms.
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8 Conclusion

This paper presents a single, unifying framework for ordered context-dependent preferences and
discusses novel behavior. The key innovation, RD, provides a way to systematically weaken pos-
tulates even if they are conceptually distinct. The method is then applied to the risk, time, and
social domains. In each setting, behavior can be understood as resulting from canonical models
provided that reference points are fixed, and deviations from these models are accounted for by
monotonic changes in preference parameters. Reference points in this framework are determined
by the maximization of a reference order, which can be viewed as an instrument that captures the
relevant context of a choice problem.

The meta-framework can be applied to other domains to capture other intuitive forms of or-
dered context effects. For example in the case of subjective risk, ambiguity aversion can change
from a menu to another as the set of prior expands/shrinks, perhaps because the availability of a
(more) constant act causes the DM to be more ambiguity averse.

Building upon a long literature of domain-specific research on seemingly independent struc-
tural “anomalies,” including but not limited to the Allais paradox and present bias behavior, this
paper studies a possible link that relate them to WARP violations. This, in turn, informs more
fundamentally on the relationship between rationality postulates and structural postulates. The
exercise proposes tractable models for ordered context effects, offers new ways to introduce behav-
ioral postulates, suggests new avenues for empirical research, and adds to our understanding of
why normative postulates fail.

References

AHN, D. S., R. IlJiMA, Y. LE YAOUANQ, AND T. SARVER (2019): “Behavioural Characterizations of
Naivete for Time-inconsistent Preferences,” The Review of Economic Studies, 86(6), 2319-2355.
AINSLIE, G. (1992): Picoeconomics: The Strategic Interaction of Successive Motivational States within
the Person. Cambridge University Press.

ALLAIS, M. (1990): “Allais Paradox,” in Utility and Probability, pp. 3-9. Springer.

ANDREONI, J., AND C. SPRENGER (2011): “Uncertainty Equivalents: Testing the Limits of the Inde-
pendence Axiom,” Working paper, National Bureau of Economic Research.

APESTEGUIA, J., AND M. A. BALLESTER (2009): “A Theory of Reference-Dependent Behavior,” Eco-
nomic Theory, 40, 427-455.

(2018): “Monotone Stochastic Choice Models: The Case of Risk and Time Preferences,”

Journal of Political Economy, 126(1), 74-106.

(2023): “Random Utility Models with Ordered Types and Domains,” Journal of Economic
Theory, 211, 105674.

APESTEGUIA, J., M. A. BALLESTER, AND J. LU (2017): “Single-Crossing Random Utility Models,”
Econometrica, 85(2), 661-674.

AUMANN, R. J. (1962): “Utility Theory without the Completeness Axiom,” Econometrica, pp. 445—
462.

25



AUMANN, R. J., AND R. SERRANO (2008): “An Economic Index of Riskiness,” Journal of Political
Economy, 116(5), 810-836.

BARDSLEY, N. (2008): “Dictator Game Giving: Altruism or Artefact?,” Experimental Economics,
11(2), 122-133.

BENHABIB, J., A. BISIN, AND A. SCHOTTER (2010): “Present-Bias, Quasi-Hyperbolic Discounting,
and Fixed Costs,” Games and Economic Behavior, 69(2), 205-223.

BLEICHRODT, H., anD U. SCHMIDT (2002): “A Context-Dependent Model of the Gambling Effect,”
Management Science, 48(6), 802-812.

BOLTON, G. E., AND A. OCKENFELS (2000): “ERC: A Theory of Equity, Reciprocity, and Competi-
tion,” American Economic Review, 90(1), 166-193.

BORDALO, P., N. GENNAIOLI, AND A. SHLEIFER (2012): “Salience Theory of Choice under Risk,”
Quarterly Journal of Economics, 127(3), 1243-1285.

(2013): “Salience and Consumer Choice,” Journal of Political Economy, 121(5), 803-843.

BURKS, S. V., J. P. CARPENTER, L. GOETTE, AND A. RUSTICHINI (2009): “Cognitive Skills Affect Eco-
nomic Preferences, Strategic Behavior, and Job Attachment,” Proceedings of the National Academy
of Sciences, 106(19), 7745-7750.

CERREIA-VIOGLIO, S., D. DILLENBERGER, AND P. ORTOLEVA (2015): “Cautious Expected Utility and
the Certainty Effect,” Econometrica, 83(2), 693-728.

CHAKRABORTY, A. (2021): “Present Bias,” Econometrica, 89(4), 1921-1961.

CHAKRABORTY, A., Y. HALEVY, aND K. SAITO (2020): “The Relation between Behavior under Risk
and over Time,” American Economic Review: Insights, 2(1), 1-16.

CHAMBERS, C. P., F. ECHENIQUE, AND A. D. MILLER (2023): “Decreasing Impatience,” American
Economic Journal: Microeconomics, 15(3), 527-551.

CHAMBERS, C. P., Y. MASATLIOGLU, AND K. YILDIZ (2025): “Ordered Probabilistic Choice,” arXiv
preprint arXiv:2504.01227.

CHAPMAN, J., M. DEAN, P. ORTOLEVA, E. SNOWBERG, AND C. CAMERER (2023): “Econographics,”
Journal of Political Economy Microeconomics, 1(1), 115-161.

CHARNESS, G., AND M. RABIN (2002): “Understanding Social Preferences with Simple Tests,” Quar-
terly Journal of Economics, 117(3), 817-869.

CHEN, M., T. X. Liu, Y. SHAN, S. ZHONG, AND Y. ZHOU (2023): “The Consistency of Rationality
Measures,” Unpublished.

CHEUNG, P. H. Y. (2023): “Revealed Reciprocity,” Unpublished.

CHEW, S. H. (1983): “A Generalization of the Quasilinear Mean with Applications to the Mea-
surement of Income Inequality and Decision Theory Resolving the Allais Paradox,” Econometrica,
51(4), 1065-1092.

Cox, J. C., D. FRIEDMAN, AND V. SADIRAJ (2008): “Revealed Altruism,” Econometrica, 76(1), 31—
69.

Cox, J. C., J. A. LisT, M. PRICE, V. SADIRAJ, AND A. SAMEK (2016): “Moral Costs and Ratio-
nal Choice: Theory and Experimental Evidence,” Working paper, National Bureau of Economic
Research.

DANA, J., D. M. CAIN, AND R. M. DAWES (2006): “What You Don’t Know Won’t Hurt Me: Costly
(But Quiet) Exit in Dictator Games,” Organizational Behavior and Human Decision Processes,
100(2), 193-201.

DANA, J., R. A. WEBER, AND J. X. KUANG (2007): “Exploiting Moral Wiggle Room: Experiments
Demonstrating an Illusory Preference for Fairness,” Economic Theory, 33(1), 67-80.

DE CLIPPEL, G., AND K. ROZEN (2021): “Bounded Rationality and Limited Data Sets,” Theoretical
Economics, 16(2), 359-380.

(2023): “Relaxed Optimization: How Close Is a Consumer to Satisfying First-Order Condi-

26



tions?,” Review of Economics and Statistics, 105(4), 883-898.

DEAN, M., O. KIBRIS, AND Y. MASATLIOGLU (2017): “Limited Attention and Status Quo Bias,”
Journal of Economic Theory, 169, 93-127.

DEAN, M., aND P. ORTOLEVA (2019): “The Empirical Relationship between Nonstandard Economic
Behaviors,” Proceedings of the National Academy of Sciences, 116(33), 16262-16267.

DEKEL, E. (1986): “An Axiomatic Characterization of Preferences under Uncertainty: Weakening
the Independence Axiom,” Journal of Economic Theory, 40(2), 304-318.

DEMBO, A., S. KARIV, M. POLISSON, AND J. QUAH (2021): “Ever Since Allais,” Bristol Economics
Discussion Papers, 21/745.

DILLENBERGER, D. (2010): “Preferences for One-Shot Resolution of Uncertainty and Allais-Type
Behavior,” Econometrica, 78(6), 1973-2004.

DILLENBERGER, D., AND P. SADOWSKI (2012): “Ashamed to be Selfish,” Theoretical Economics, 7(1),
99-124.

DUBRA, J., F. MACCHERONI, AND E. A. OK (2004): “Expected Utility Theory Without the Complete-
ness Axiom,” Journal of Economic Theory, 115(1), 118-133.

ECHENIQUE, F., T. IMAI, anD K. SAITO (2020): “Testable Implications of Models of Intertemporal
Choice: Exponential Discounting and its Generalizations,” American Economic Journal: Microeco-
nomics, 12(4), 114-143.

(2023): “Approximate Expected Utility Rationalization,” Journal of the European Economic
Association, p. jvad028.

ELLIS, A., AND Y. MASATLIOGLU (2022): “Choice with Endogenous Categorization,” The Review of
Economic Studies, 89(1), 240-278.

FEHR, E., aND K. M. SCHMIDT (1999): ‘A Theory of Fairness, Competition, and Cooperation,”
Quarterly Journal of Economics, 114(3), 817-868.

(2006): “The Economics of Fairness, Reciprocity and Altruism: Experimental Evidence and
New Theories,” Handbook of the Economics of Giving, Altruism and Reciprocity, 1, 615-691.

FIL1Z-OZBAY, E., AND Y. MASATLIOGLU (2023): “Progressive Random Choice,” Journal of Political
Economy, 131(3), 716-750.

FISHBURN, P. C. (1983): “Transitive Measurable Utility,” Journal of Economic Theory, 31(2), 293—
317.

FISHBURN, P. C., AND A. RUBINSTEIN (1982): “Time Preference,” International Economic Review,
23(3), 677-694.

FREDERICK, S., G. LOEWENSTEIN, AND T. O’DONOGHUE (2002): “Time Discounting and Time Pref-
erence: A Critical Review,” Journal of Economic Literature, 40(2), 351-401.

FREEMAN, D. J. (2017): “Preferred Personal Equilibrium and Simple Choices,” Journal of Economic
Behavior & Organization, 143, 165-172.

FREEMAN, D. J. (2021): “Revealing Naiveté and Sophistication from Procrastination and Preprop-
eration,” American Economic Journal: Microeconomics, 13(2), 402-38.

GIARLOTTA, A., A. PETRALIA, AND S. WATSON (2023): “Context-Sensitive Rationality: Choice by
Salience,” Journal of Mathematical Economics, 109, 102913.

GUL, F. (1991): “A Theory of Disappointment Aversion,” Econometrica, 59(3), 667-686.

GUL, F., AND W. PESENDORFER (2001): “Temptation and Self-Control,” Econometrica, 69(6), 1403—
1435.

(2006): “Random Expected Utility,” Econometrica, 74(1), 121-146.

HALEVY, Y. (2015): “Time Consistency: Stationarity and Time Invariance,” Econometrica, 83(1),
335-352.

HALEVY, Y., D. WALKER-JONES, AND L. ZRILL (2023): “Difficult Decisions,” Working papers, Uni-
versity of Toronto, Department of Economics.

27



HARA, K., E. A. OK, AND G. RIELLA (2019): “Coalitional Expected Multi-Utility Theory,” Economet-
rica, 87(3), 933-980.

HERNE, K. (1999): “The Effects of Decoy Gambles on Individual Choice,” Experimental Economics,
2(1), 31-40.

HOUTHAKKER, H. S. (1950): “Revealed Preference and the Utility Function,” Economica, 17(66),
159-174.

HUBER, J., J. W. PAYNE, aND C. PUTO (1982): “Adding Asymmetrically Dominated Alternatives:
Violations of Regularity and the Similarity Hypothesis,” Journal of Consumer Research, 9(1), 90—
98.

KAGEL, J. H., anD A. E. ROTH (2016): The Handbook of Experimental Economics, vol. 1. Princeton
University Press.

KAHNEMAN, D., J. L. KNETSCH, AND R. H. THALER (1991): ‘Anomalies: The Endowment Effect,
Loss Aversion, and Status Quo Bias,” Journal of Economic Perspectives, 5(1), 193-206.

KAHNEMAN, D., AND A. TVERSKY (1979): “Prospect Theory: An Analysis of Choice under Risk,”
Econometrica, 47(2), 263-292.

KE, S., aND C. ZHAO (2024): “From local utility to neural networks,” Journal of Mathematical
Economics, 113, 103003.

KiBRris, O., Y. MASATLIOGLU, AND E. SULEYMANOV (2023): “A Theory of Reference Point Forma-
tion,” Economic Theory, 75, 137-166.

(2024): “A Random Reference Model,” American Economic Journal: Microeconomics, 16(1),
155-209.

KoopmANSs, T. C. (1960): “Stationary Ordinal Utility and Impatience,” Econometrica, 28(2), 287—-
3009.

KORENOK, O., E. L. MILLNER, AND L. RAZZOLINI (2014): “Taking, Giving, and Impure Altruism in
Dictator Games,” Experimental Economics, 17(3), 488-500.

KOSZEGI, B., aND M. RABIN (2006): “A Model of Reference-Dependent Preferences,” Quarterly
Journal of Economics, 121(4), 1133-1165.

(2007): “Reference-Dependent Risk Attitudes,” American Economic Review, 97(4), 1047-

1073.

KOSZEGI, B., AND A. SZEIDL (2013): “A Model of Focusing in Economic Choice,” Quarterly Journal
of Economics, 128(1), 53-104.

KOVACH, M. (2020): “Twisting the Truth: Foundations of Wishful Thinking,” Theoretical Economics,
15(3), 989-1022.

LAIBSON, D. (1997): “Golden Eggs and Hyperbolic Discounting,” Quarterly Journal of Economics,
112(2), 443-478.

LANZANI, G. (2022): “Correlation Made Simple: Applications to Salience and Regret Theory,” The
Quarterly Journal of Economics, 137(2), 959-987.

LiM, X. Z. (2023a): “An Analysis of Avoidable Risk Expected Utility,” Unpublished.

(2023b): “An Analysis of Ordered Reference Dependent Utility,” Unpublished.

LIPMAN, B. L., W. PESENDORFER, ET AL. (2013): “Temptation,” in Advances in economics and
econometrics: Tenth World Congress, vol. 1, pp. 243-288. Cambridge University Press.

LisT, J. A. (2007): “On the Interpretation of Giving in Dictator Games,” Journal of Political Econ-
omy, 115(3), 482-493.

LOEWENSTEIN, G., AND D. PRELEC (1992): “Anomalies in Intertemporal Choice: Evidence and an
Interpretation,” Quarterly Journal of Economics, 107(2), 573-597.

Lu, J., anp K. SAITO (2018): “Random Intertemporal Choice,” Journal of Economic Theory, 177,
780-815.

MACHINA, M. J. (1982): “Expected Utility’ Analysis without the Independence Axiom,” Economet-

28



rica, 50(2), 277-323.

MASATLIOGLU, Y., aND E. A. OK (2005): “Rational Choice with Status Quo Bias,” Journal of Eco-
nomic Theory, 121(1), 1-29.

(2014): “A Canonical Model of Choice with Initial Endowments,” The Review of Economic
Studies, 81(2), 851-883.

NELSON, JRr., W. R. (2002): “Equity or Intention: It is the Thought that Counts,” Journal of Eco-
nomic Behavior & Organization, 48(4), 423-430.

NIELSEN, K., aAND J. REHBECK (2022): “When Choices are Mistakes,” American Economic Review,
112(7), 2237-2268.

NOOR, J. (2011): “Temptation and Revealed Preference,” Econometrica, 79(2), 601-644.

NOOR, J., AND N. TAKEOKA (2015): “Menu-dependent Self-control,” Journal of Mathematical Eco-
nomics, 61, 1-20.

Ok, E. A., aND J.-P. BENOIT (2007): “Delay Aversion,” Theoretical Economics, 2(1), 71-113.

ORTOLEVA, P. (2010): “Status Quo Bias, Multiple Priors and Uncertainty Aversion,” Games and
Economic Behavior, 69(2), 411-424.

PHELPS, E. S., aAND R. A. POLLAK (1968): “On Second-best National Saving and Game-equilibrium
Growth,” The Review of Economic Studies, 35(2), 185-199.

POLISSON, M., J. K.-H. QUAH, AND L. RENOU (2020): “Revealed Preferences over Risk and Uncer-
tainty,” American Economic Review, 110(6), 1782-1820.

QUIGGIN, J. (1982): “A Theory of Anticipated Utility,” Journal of Economic Behavior & Organization,
3(4), 323-343.

RABIN, M. (1993): “Incorporating Fairness into Game Theory and Economics,” American Economic
Review, 83(5), 1281-1302.

RAVID, D., anp K. STEVERSON (2021): “Bad Temptation,” Journal of Mathematical Economics, 95,
102480.

RUBINSTEIN, A., AND Y. SALANT (2006): “Two Comments on the Principle of Revealed Preference,”
Unpublished.

RUBINSTEIN, A., AND L. ZHOU (1999): “Choice Problems with a 'Reference’ Point,” Mathematical
Social Sciences, 37(3), 205-209.

SAGI, J. S. (2006): “Anchored Preference Relations,” Journal of Economic Theory, 130(1), 283-295.

SAMUELSON, P. A. (1948): “Consumption Theory in Terms of Revealed Preference,” Economica,
15(60), 243-253.

SCHNEIDER, M., AND R. DAY (2018): “Target-Adjusted Utility Functions and Expected-Utility Para-
doxes,” Management Science, 64(1), 271-287.

SIMONSON, I. (1989): “Choice Based on Reasons: The Case of Attraction and Compromise Effects,”
Journal of Consumer Research, 16(2), 158-174.

STANGO, V., AND J. ZINMAN (2023): “We Are All Behavioural, More, or Less: A Taxonomy of
Consumer Decision-Making,” The Review of Economic Studies, 90(3), 1470-1498.

SUTTER, M. (2007): “Outcomes versus Intentions: On the Nature of Fair Behavior and its Develop-
ment with Age,” Journal of Economic Psychology, 28(1), 69-78.

TSERENJIGMID, G. (2019): “Choosing with the Worst in Mind: A Reference-Dependent Model,”
Journal of Economic Behavior & Organization, 157, 631-652.

TVERSKY, A., AND D. KAHNEMAN (1991): “Loss Aversion in Riskless Choice: A Reference-Dependent
Model,” Quarterly Journal of Economics, 106(4), 1039-1061.

VAN BRUGGEN, P., J. HEUFER, AND J. YANG (2023): “Giving According to Agreement,” Unpublished.

WAKKER, P., AND D. DENEFFE (1996): “Eliciting von Neumann-Morgenstern Utilities when Proba-
bilities are Distorted or Unknown,” Management Science, 42(8), 1131-1150.

29



A Appendix: Proofs

Theorems 1, 2, and 3 use Theorem 4 as a prerequisite.

A.1 Proof of Theorem 4
The main intuition of this result can be illustrated using an ad-hoc proof for the case of finite Y.

Lemma 4. Suppose Y is finite. A choice correspondence c satisfies Axiom 6.1 if and only if it admits
an OU representation.

Proof. “If” is straightforward. I prove “only if.” Denote by I" (A) the set of alternatives = in A such
that ¢ satisfies WARP over S = { B C A : x € B}, guaranteed to be non-empty by Axiom 6.1. Create
a list in the following way: List elements of I' (Y') with an arbitrary order. Since Y'\I' (Y') is again
finite, continue listing elements of I' (Y'\I" (Y')) with an arbitrary order; continue until every x € Y’
is listed. Finally, let i, denote the position of x in the list. For any =,y € Y, construct z Ry if i, > i,,.

For each = € Y, it maximizes R among alternatives in R (z) := {y : xRy}, hence by construc-
tion ¢ satisfies WARP over Aﬁi(m) = {AeA:r(A) ==x}. Now construct (Z,,Y). Sety =, y

for all y € Y. For each y € R*(x), since {z,y} € A%, we set y Z, T Or & Z, Yy OF

both according to ¢ ({z,y}). For each y1,y2 € R'(x) such(?hat Y1 Ze v and y2 Z, x, since
{z,11,y2} € Af%(z)’ we set y1 Zp Y2 Or Yo =, y1 or both according to c({z,y1,y2}), this
is guaranteed by the fact that ¢ satisfies WARP over Afﬂ(x). Now, -, is complete on the set
P* = {y:y=ea} = {y € R*(z) : y € c({z,y})}, which we call the prediction set of z. Now
consider Y\P? = {y : yRx or x >, y}. Set y; ~, ys for all y;,y» € Y\P* and set y; >, yo for all
y1 € P*, yo € Y\P?. The constructed (7., Y’) is now complete. For transitivity, suppose y1 7, ¥
and y2 7, y3, and that y1, y2,ys € P* (if any of them is in Y'\IP* then the argument is straightfor-
ward by ~,), hence y; € c({z,y1,42}) and y2 € ¢ ({x, y2,y3}). Furthermore, since vy, y2, y3 € P,
we have {x,y1,y2,y3} € A%L(xy and c satisfies WARP over Agfzi(x) implies y1 € c¢({z,y1,92,y3}),
and hence y; € ¢ ({x,y1,y3}), which implies y; 7=, y3. So (7, Y) is transitive.

~T)

Finally, we show that (R,Y’) and {(Z.,Y)},cy explain c¢. For any A € A, since A is finite

~T)

and R is a linear order, there is a unique R—maximizer x € A, hence A € A”éi(x). Suppose for
contradiction y; € c(A) buty; ¢ {ye A:y 7z, 2Vz € A}, so ya >, y1 for some y» € A. Then
y1 ¢ c¢({x,y1,y2}). Since {x,y1,y2} is a subset of A, and both are in A%i(x)’ this is a violation of
the statement c satisfies WARP on A7, (x)? hence a contradiction. Suppose for contradiction ys €
{ye Ay, 2Vz€ A} butys ¢ c(A). Consider any y; € ¢(A), since y2 Zq y1, ¥2 € c ({7, y1,92}).
Since {x,y1,y2} is a subset of A, and both are in A%, (2)? this is a violation of the statement c
satisfies WARP on Afﬂ(z)' Hence c(A) ={y € A:y . 2Vz € A}. It remains to show that each 7,
can be represented by a utility function, but this is standard since Y is finite and -, is complete

and transitive. O

Now we prove the general case where Y is not necessarily finite. “If” is straightforward. I
prove “only if.” Using Lemma 3 (proved in Online Appendix B), let 7 be WARP and let ¥ be the
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identify function, then there exists a linear order (R,Y’) such that c satisfies WARP over A7, @) =
{Ac€ A:r(A) ==z} for every x € Y. It is obviously W-consistent. Proceed to build {(Z.,Y)},cy
using the method outlined in the proof of Lemma 4, which gives us a complete and transitive —,
for each z such that ¢ (4) = {y € A:y Z, (1) 2Vz € A}.

It remains to show that each -, can be represented by a utility function. Based on our construc-
tion, =, is complete and transitive on Y. Moreover, it is continuous (y, — v, 2, — 2, and y, s 2n
for each n implies y =, z) when restricted to the prediction set P*, otherwise a contradiction of
Continuity would be detected in the choices from a sequence of choice problems of form {z, y,,, z,, }
that converges to {z, y, z} (P* guarantees that « will not be the only one chosen in any of these sets,
so that a contradiction of, say, z >, y, will be substantiated in choice: z € ¢ ({x,y, z})) . Therefore,
along with the fact P* is a subset of the separable metric space Y, -, admits a (continuous) utility
function U : P* — |0, 1] that represents /-, when restricted to the alternatives in P*. Now define
U(z) = —1forall z € Y\P*. Now U also represents y >, z for all y € P* and z € Y\P* and
z ~g 7 forall 2,2/ € Y\IP*. And we are done. Finally, since our system of (R,Y") and {(Zs,Y)},cy
explains ¢, which satisfies Continuity, so ¢ has a closed graph.

A.2 Proof Outline of Theorems 1, 2, 3

The proofs for these theorems are repetitive with domain-specific details, I outline the key ideas

here and provide complete proofs in Online Appendix B.

Step 1: Reference order R

In their respective domains, Definition 3, Definition 6, and Definition 9 prescribe ¥’s that are
a-correspondences. Moreover, WARP, Independence, Stationarity, and Quasi-linearity are finite
theories. Therefore, Risk Reference Dependence (Axiom 3.2), Time Reference Dependence (Axiom 4.2),
and Equality Reference Dependence (Axiom 5.2) each qualifies as a special case of the “meta” axiom
Reference Dependence. By invoking Lemma 3, we obtain a linear order (R,Y') that is ¥-consistent
such that for all » € A (X) (resp. » € X x T'and r € [w,+00) X [w,+0)), ¢ satisfies WARP and
Independence (resp. Stationarity, Quasi-linearity) over AEL(r) = {A e A:r(A) =z}, where the
additional compliance with WARP is implied by taking a = 1 in the definition of Independence
(resp. a = 0 in Stationarity and a = 0 in Quasi-linearity).

Step 2: Fixed reference, standard representation

Next is to show that for each alternative € Y, the subcorrespondence (c, AT, )) admits a stan-

(r
dard representation of its respective domain (i.e., expected utility, exponential discounting, quasi-
linear utility). This is not obvious; for example in the risk domain, ¢ satisfies WARP and Indepen-

dence (and Continuity) over ATy (r)? which is a strict subset of all choice problems, so standard
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postulates could be insufficient.®! This issue is resolved by exploiting the structure provided by a
U-consistent linear order. In each domain, it guarantees that (for each » € Y") the strict predic-
tion set P’ := {p € R*(r) : ¢ ({p,7}) = {p}} is rich in a sense that behavior inconsistent with the
structural properties can always be substantiated with observations from within (c, Al (r)). For
example in the risk domain, we first show that an expected utility representation, with u,, can be
obtained for subcorrespondence (c, Ap) where P is a subset of P’, and is a linear transformation
of a | X| — 1 dimensional simplex set; the existence of P is given by the W-consistent linear order,
which determines which alternatives are in R (r) and in turn determines which choice sets are in
ATy ()"
shown that there exist common mixtures p’ = p®s, ¢’ = ¢“s in P such that ¢ ({r,p’,¢'}) = {p'}, and

Then, for p,q in R*(r) but possibly outside P, if arg max,c, 4y Ezu, () = {p}, it can be

Independence requires ¢ ({r,p, ¢}) = {p} (assuming c ({r, p, q}) # {r}). Analogous methods, all de-
rived using features of W-consistent linear orders, guarantee the sufficiency of standard postulates
in the time and social preference domains.

Step 3: Reference-dependent preferences

Axiom 3.3, Axiom 4.3, and Axiom 5.3 each provides a “direction” for preference change, along
the reference order, that must has been satisfied in the constructed representations. Axiom 3.3,
Axiom 4.3, and Axiom 5.3 impose restrictions on behavior when a choice set expands, which nec-
essarily imply that a reference point, if it changes, ranks higher in R. If the constructed represen-
tations violate the direction of preference change from reference r to r’ where rRy’, then it can
be shown that there exist choice problems A € A’ ") and B € Agi(r,) such that B C A where
Axiom 3.3 / Axiom 4.3 / Axiom 5.3 is violated when we compare c(A) and ¢ (B). Like in Step 2,

the existence of axiom-violating choice behavior in the underlying subcorrespondences (¢, A, L)

and (c, Ag i(m) is guaranteed by W-consistent linear orders. For the time domain, Axiom 4.4 addi-
tionally guarantees a persistent consumption utility, so that reference effect can be summarized by
changes in discount factors (in general, both discount factor and consumption utility can change).

A.3 Proof of Lemmas 1, 2

The proof of Lemma 1 is presented. The proof of Lemma 2 can be obtained by simply replacing
“Stationarity” with “Quasi-linearity.”

Only if: Fix A € A and (z,f) € V(A). Consider S = {Be€ A:(x,t) € BC A}. For any
B1,By € S, since (z,t) € ¥ (By1) N ¥ (By), c satisfies Stationarity over {Bj, B2}. Therefore, ¢
satisfies Stationarity over S (because Stationarity are restrictions on pairs of choices). If: Take any
Bi, By such that W (B;) NV (Bsg) # (). Take (z,t) € ¥ (B;) NV (By). Consider A = By U Bs. Since
B; and By are both finite, A is finite, and therefore A € A. Since (z,t) € ¥ (B;) N ¥ (Bsy), so

*For example, if ¢ ({p,q}) = {p} and ¢ ({p’,q'}) = {¢'} where p = 221 ® 322, ¢ = 321 ® %23, p' = 222 ® 33
and ¢’ = 1z, @ 3z, then c satisfies WARP and Independence over {{p,q},{p’,q'}} but does not admit an expected
1 1 p p
utility representation (because, even though the lines pq and p’q’ are parallel, p, q are not related to p’, ¢’ by a common
mixture).
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(z,t) € ¥ (A), and so c satisfies Stationarity over {B C A : (z,t) € B}, which contains B; and Bs
by construction and we are done.

A.4 Proof of Propositions 1, 2, 3

I focus on showing that WARP (1) and structural postulate (2) are independently sufficient for the
standard model (3). The remaining statements, that WARP and structural postulates are necessary
for standard models ((1) if (3) and (2) if (3)), and that WARP is sufficient and necessary for a
(general) utility representation ((1) if and only if (4)), are well-known and omitted.

Proof of Proposition 1: (1) / (2) implies (3)

Suppose a choice correspondence ¢ admits an OEU representation with specification (R, {u,},).
Suppose c¢ satisfies WARP or Independence (or both). We first show that u, = wus for all
r,s € A(X)\conv ({d,d,}). Suppose without loss of generality rRs. Suppose for contradiction
u, 7 us. Before we proceed, observe that if i Rj and u; # u;, then the facts that v; is a concave trans-
formation of u; and that both functions are normalized to u; (w) = u;j (w) =0, u; (b) = u; (b) =1
imply

up () > us (x) Vo € X\ {b,w}. (A.1)

For any i € A (X), let 7; := conv ({4, dy, 0, } ). Denote by Intr; the interior of 7.

WARP violation: By Axiom 3.1, ¢ ({0p,7}) = ¢({0p, s}) = . Then by Continuity, there exist
open balls around §,, B, and Bj, such that they contain lotteries that are chosen over r and s
respectively. Consider an open subset S of B, N B; N Intr,. Note that Intrs only contains extreme
spreads of s, and hence S C Intr, C R*(s) C R*(r). Due to Equation A.1, we can find lotteries
p,q € S such that E,u, () > Equ, (z) and Eyu,s () < Equs () (for example, we can let p :=
ap*® (1 —a)z and ¢q := aq¢* ® (1 —a)z where z € S, p* only assigns positive probabilities to
z € X\ {b,w}, ¢ = 0.5b & 0.5w, Ep-u, (z) > 1/2 > Eg-u, (z) and « is sufficiently small so that
p,q € S). Taken together we have

c({r,s,p,q}) = {p} and (A.2)
c({s,p,q}) ={a}, (A.3)

which jointly violate WARP (1).
Independence violation: Consider »' € conv ({4, d,,}) that satisfies E, u, () = E,u, (x), note
that v’ € Intr, C R* (r), hence
c ({7", r’}) = {r, r’} . (A.4)

It is established in the proof of the representation theorem that R* (r) contains a full dimensional
convex subset of A (X) (specifically, Lemma 7 of Online Appendix B). Fix one such set, B. Take
any z € B and pick « small enough such that p :== ar & (1 — «) z and p’ := ar’ & (1 — «) 2 are both
in B. Due to Equation A.1, E,us (z) — Eyus (z) > Eyu, (z) — Epu, (2)(= 0). Since p,p’ € R¥(s),
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up and u, are concave transformations of us, so Eyuy () — Eyuy () > Epus () — Eyus (z) for
k € {p,p'} (also using Equation A.1 if u; # us and is otherwise trivial), hence

c({p.p'}) = {p}. (A.5)

Since (p, p’) are common mixtures of (r,7’), Equation A.4 and Equation A.5 jointly violate Indepen-
dence (2).

Next we turn to r € conv ({dp, 0, }) and show that u, is either identical, or has the freedom to
be identical, to us where s € A (X) \conv ({dy, 6, }). If r = & or r = &, or R* (r) C conv ({6, 0w, }),
then any strictly increasing u, can explain c over A’ () = {AeA:AC RY(r) andr € A}, sowe
can just pick one that is identical to u, for every s € A (X) \conv ({dp, d,, }). If r doesn’t satisfy any
of those conditions, then there exists so € A (X) \conv ({d, d,, }) such that r is an extreme spread
of s, and there exists s; € R‘(r)\conv ({&,d,}). This implies u,, is a concave transformation
of u, (because syRr) and w, is a concave transformation of us, (because rRs;), but we already
showed that us, = us, (since s1,s9 € A (X)\conv ({d,dw})), SO u, is identical to us for all s €
A (X) \conv ({p, 6y })-

We conclude that if either WARP or Independence (or both) holds, then ¢ admits an expected
utility representation.

Proof of Proposition 2: (1) / (2) implies (3)

Suppose a choice correspondence ¢ admits an ODU representation with specification ({6, }, ,u). We
show that if 6, # d,» for some r,r' € [0,t), then ¢ violates both WARP and Stationarity. (d; only
plays a role for choice problems A € A where every alternative has ¢t = ¢, so we set it as d; = dy.)

Suppose for contradiction 4§, # d,» for some r,r’ € [0,¢). Say without loss of generality
r > 1’ >0, thend, > §,» > dp. Recall that X = [a, b]. Consider alternatives (b — A,,0), (b,0 + A¢) €
X x T such that (i) A, € (0,b—a), (i) Ay € (0, —7), (i) %u(b—A,) < %24y (b), and
(iv) 6u(b—A,) > 58+Atu(b), which is possible due in part to the assumption that (b,t) €
¢({(a,0),(b,t)}). Note that (i) and (ii) guarantee (b — A;,0), (b,0+ As), (b — Ay, ), (byr + Ay) €
X x T. Then, (iii) gives

c({(b_Aitvr)a(b?T_‘_At)}) - {<b7T+At)}7 (A6)

and (iv) gives
c({(b— Ag,0), (5,0 4+ A)}) = {(b— A,,0)} and (A.7)
C({(av 0) ) (b - A:Jcar> ) (b,T‘ + At)}) = {(b - Ax,’l“)} ) (AS)

where Equation A.8 is due in part to the assumption that (b,¢) € ¢({(a,0), (b,t)}) as it excludes
(a,0) from being uniquely chosen. Now note that Equation A.6 and Equation A.7 jointly violate
Stationarity (2), whereas Equation A.6 and Equation A.8 jointly violate WARP (1). We conclude
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that if either WARP or Stationarity (or both) holds, then ¢ admits an exponential discounting utility

representation.

Proof of Proposition 3: (1) / (2) implies (3) Suppose a choice correspondence ¢ admits an OSU
representation with specification {v, },. We show that if v, (y) — v, (v) # v (y) — v, (y') for some
r,r" and y > 3/, then c violates both WARP and Quasi-linearity.

Without loss of generality say r >’ > 0. Then v, (y)—v, (v') < v (y)—vp (y') < vo (y)—vo (¥'),
and therefore there exist &’ € [w, +oo) such that (i) #’ + v, (v') > w + v, (y) and (i) ¥’ + vo (v') <
w + vo ().

Since for any fixed y, G ((-,y)) is continuous and asymptotically increasing in it’s first ar-
gument, there exists A,A* > 0 such that min ({G ((w+ A,y)),G((Z' +A,y'))}) = 0 and
min ({G ((w + A*,y)),G (& + A*,y))}) = r. Fix such A, A* and let x := w + A*, 2/ := &' + A*.
Due to (i), we have

c({(z.y), (@ y)}) ={(="¥)}. (A.9)

And note that 2/ > x > w and y > 3’ > w, so with (ii) we have

C({(wvw)v(xvy)v (xlvy/)}) = {(ﬂ?,y)} (A.10)

Note that Equation A.9 and Equation A.10 jointly violate WARP (1). Meanwhile, also due to (ii),

we have
c({(z—=A"+Ay), (2" —A "+ A Y)}) ={(z - A"+ Ay)}. (A.11)

Note that Equation A.9 and Equation A.11 jointly violate Quasi-linearity (2). We conclude that if
either WARP or Quasi-linearity (or both) holds, then ¢ admits a quasi-linear utility representation.
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B Online Appendix: Omitted Proofs and Results

B.1 Proof of Lemma 3

The proof for (2) implies (1) is straightforward: For every (finite) set A € A, the maximizer of the
linear order R is an “z” in (1). We focus on the proof for (1) implies (2). The proof for (2) implies
(1) begins with an observation using Zermelo’s well-ordering theorem and transfinite recursion,
and then uses it build a reference order given an arbitrary finite theory 7 (Definition 12).

Lemma 5. Let Z be a set and let 7Z be the set of all finite and nonempty subsets of Z. Let R be a
self-map on Z such that R (S) C S. Suppose for all T, S € Z and x € Z such that x € T C S, if
x € R(S), then x € R (T) (property o). Then, there exists a self-map R* on Z such that

(i) Forall S € Z, R*(S) CR(S5).

(ii) Forall T,S € Zand x € Z such that x € T C S, if x € R*(S), then x € R* (T) (property «),
and

(iii) Forall S €7, |R*(S)| =1

Proof. We prove this by construction. Assume and invoke Zermelo’s theorem (also known as the
well-ordering theorem) to well-order the set of all doubletons in the domain of R. Now we start
the transfinite recursion using this order.

In the zero case, we have Ry = R. This correspondence satisfies « and is nonempty-valued
(Ro (S) # 0 for all S € 7).

For the successor ordinal o + 1, having supposed R, satisfies « and is nonempty-valued, we
take the corresponding doubleton B, and take = € B, such that VS D B,41, R (S)\ {z} # 0.
Suppose such an x does not exist, then for both z,y € B,;;, there are S, D B,4+; and
Sy D Bgy1 such that R, (S;) = {z} and R, (S;) = {y} since R, is nonempty-valued. Con-
sider S, U S, € Z. Since R, is nonempty-valued, R, (S, US,) # 0. But since R, satisfies «, it
must be that R, (S, US,) C Ry (Sz) U R4 (Sy), hence R, (S, US,) € {z,y}. Suppose without
loss € R, (S, USy), then due to « again and that z € B, C Sy, it must be that z € R, (Sy),
which contradicts R, (S,) = {y}. (That is, we showed that with nonempty-valuedness and «, no
two elements can each have a unique appearance in the R-image of a set containing those two
elements.) Hence, 32 € B, such that VS D B,11, R(S)\ {z} # 0. Define R, from R, in the
following way: VS D Byi1, Rs+1(S) := Ry (S)\ {z}. Note: (i) Since z is deleted from R, (T)
only if it is also deleted (if it is in it at all) from R, (S) VS D T, we are preserving «, and (ii) since
x is never the unique element in R, (S) VS D B,1, we preserve nonempty-valuedness.

For a limit ordinal )\, define R\ = N,<AR,. Note that since R,» C R,» Vo' > 0", Ny<z = Rs.
Furthermore, for any o < A, R, is constructed such that & and nonempty-valuedness are preserved.
Hence R, satisfies a and is nonempty-valued.
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Note that this process terminates when all the doubletons have been visited, for we would
otherwise have constructed an injection from the class of all ordinals to the set of all doubletons in
Z, which is impossible.

Finally, we check that |R) (S)| = 1 for all S € Z. Suppose not, hence 35 € Z such that
{z,y} € Ry (S). Then by o we have {z,y} = R\ ({z,y}), which is not possible as the recursion
process has visited {z,y} and deleted something from R ({z,y}). Now set Ry, = R* and we are
done. O

For notational convenience, subcorrespondence ¢ : S — A of ¢ : B — A is referred to as (¢, S),
as in “c restricted to S.” Given B C A, forany S C Y and z € S, define

c={AeB:xc ACS}.

Given 7 C C and a general choice correspondence ¢ : B — A, letT'(S) := {z € S : (¢, A%) € T} de-
note the set of reference alternatives of S (note that S need not be in ). The following observations
are obtained when 7 is a finite theory.

Lemma 6. Let ¢ : B — A be a general choice correspondence and T a finite theory. Consider A, B, D C
Y.

1. IfreT'(A)and B C A, thenz € I' (B).
2. If x € ' (A) for all finite A C D, then x € I" (D).

Proof. Since B C A implies A} C A% and since (¢,A%)) € T, (¢, A%) € T is a direct consequence of
the definition of a theory. For (2), suppose for contradiction = ¢ I" (D). Because 7 is a finite theory,
we can find a finite set of choice problems & = {4, ..., A,} C A7, such that (¢,S) ¢ 7. Since the
set A := U ;A; C D is finite, z € I' (A). Note that S C A%, so the definition of a theory gives
(¢,S) € T, a contradiction. O

Now I prove (1) implies (2) in Lemma 3. Let R’ : A — AU {0} be a set-valued function
that picks out reference alternatives, formally R’ (A) := {z € A: (¢, A%) € T}. Since T is a finite
theory, by point 1 of Lemma 6, R’ satisfies property « (defined in Lemma 5). Furthermore, (1) in
Lemma 3 guarantees that R’ (4) N ¥ (A) is nonempty for all A € A. Finally, define R : A — A by
R(A) :=R'(A)NW¥(A). Since both R’ (A) and ¥ (A) satisfy property «, R (A) satisfies property
a.

Putting the R we just built through Lemma 5, we get a function R* that picks one thing from
every set and satisfies property a. With this, we build the order (R,Y’) by setting xRy if {x} =
R* ({x,y}) and xRz for all = € Y. It is well-known that this results in a linear order (R,Y’) such
that R* (A) = {r € A: xzRyVy € A} forall A € A. Since R* (A) C R(A) C ¥ (A)forall A € A,
this means (R,Y) is also ¥-consistent.
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Finally, consider the set of alternatives that are “reference dominated” by x according to R
(including z itself), denoted by
RY(z):={y €Y :2Ry}.

For any finite subset A C R} (z) such that x € A, we have z€ R* (A) C R (A) C R’ (A), which by
definition implies x is a reference alternative of A. Using point 2 of Lemma 6, we conclude that x
is reference alternative for R (z), which need not be finite.

To summarize, we have created a partition of A where the parts are characterized by
{A?{l (””)}xey' To see this, take any A € A, since R is a linear order, there is a unique z € A

such that zRy forall y € A, and so A € A7, ) and A ¢ Ai’% L) for any y # z. Furthermore for each
part A%(I), (c, Aﬁi(w)) isin 7. Since {B € A: r(B) = z} is simply AZRL(Z), the proof is complete.

B.2 Proof of Theorem 1

“If” is straightforward. I prove “only if.” We interpret A (X) as a |X| — 1 dimensional simplex,
and full-dimensional means |X| — 1 dimensional. Also, where conv ({dy, d,,}) denotes the set of
lotteries that only put non-zero probabilities on prizes b and w, we partition A (X) into three parts:
I = A(X)\conv ({8,6u}), Ex = {r € conv ({8, 6u}) : c({r,p}) = {p} for somep € R*(r)NI},
and Ey = conv ({0p, 9,y }) \ E1. Stage 1 builds the reference order R. Stage 2 provides basic results
about the prediction set of each reference lottery. Stage 3 builds a (Bernoulli) utility function for
each r € TU E; and Stage 4 shows that they are related by concave transformations. Stage 5 deals
with r € Es.

For any r € A(X), let P}, := {pe R*(r)\{r}:c({p,r}) = {p}}. For any r,p € A(X), let
P, = {q € RY (r)\{r,p} : c({r,p,q}) = {q}}. We call these prediction sets. Note that if 7 Rp, then
the fact that ¢ satisfies WARP over AT, ") implies PL, € P’. For any P C A (X) and lotteries
p,q € A(X), we call (p/,¢') a P-common mixture of (p, q) if for some s € A (X) and « € [0, 1], we
have p' = p®s, ¢ = ¢*s, and p’, ¢’ € P.

Stage 1: Reference order R

A binary relation R is said to be risk-consistent if ¢ Rp whenever pMPSq or pESq. Note that ¥ is an
a—correspondence. By Lemma 3, Axiom 3.2 gives a linear order (R, A (X)) where c satisfies WARP
and Independence over A7, L) for any r € A (X) (the additional compliance with WARP is implied
by taking o« = 1 in the definition of Independence). Since R is ¥-consistent (i.e., max (A, R) €
U (A)) and ¥ ({p,q}) = {¢} if pMPSq or pESgq, so R is risk-consistent.

Stage 2: Technical Preparations

The next results guarantee that the revealed preference relation constructed using subcorrespon-
dence (c, ATy (r)>’ where r is given, is complete and transitive on a full-dimensional convex subset
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of A (X). This is due in large part to R being risk-consistent, and because of it, choices that further
satisfy Independence will have an expected utility representation.

Lemma 7. For any r € I and any open ball B, that contains r, B,NR* (r) contains a full-dimensional

convex subset of A (X).

Proof. Take any r € I. By definition, r (z) # 0 for some = € X\ {b,w}. Consider the set C(r) :=
{r}UES({r})UMPS ({r} UES ({r})). It consists of r, all extreme spreads of r, and all of their
mean-preserving spreads.

To see C (r) is convex: First note that since £'S ({r}) is a convex set and r is on the boundary of
ES ({r}),so {r}UES ({r}) is convex. Take any two lotteries p;, p2 € C (r) and consider their convex
combination (p;)“ (p2) for some « € (0,1). Since py,p2 € C(r), there exist e1,e2 € {r} U ES ({r})
such that either p; = e; or pyMPSe; and either ps = e5 or poMPSes. If p; = ¢; for both i = 1,2, then
(p1)” (p2) = (e1)” (e2) and by convexity of {r} U ES ({r}) we are done. Suppose p; # e; for some
1 = 1,2, then since the mean-preserving spread relation is preserved under convex combinations,
we have (p1)® (p2) MPS (e1)” (e2). Then, since (e1)* (e2) € {r} U ES ({r}) by the convexity of
{r} UES ({r}), we have (p1)® (p2) € MPS ({r} UES ({r})) C C(r).

To see C (r) is full-dimensional: For any p € I, M PS ({p}) is | X —2| dimensional, and it is a sub-
set of the | X —2| dimensional space defined by lotteries that have the same mean as p. But ES ({p})
contains lotteries that do not have the same mean as p, and therefore £S ({p}) UM PS ({p}) is full-
dimensional. This means C (r) is full dimensional as well since it contains ES ({p}) U M PS ({p})
for some p € I.

To see C(r) C R“(r): If p € ES({r}), rRp since R is risk-consistent. If ¢ €
MPS ({r} UES ({r})), qRp for some p € {r} U ES ({r}) since R is risk-consistent, and by tran-
sitivity of R we have ¢Rr. Since B, is also a full-dimensional and convex set, B, N C(r) is a
full-dimensional convex subset of B, N R* (r). O

Lemma 8. For any r € I, P, contains a full-dimensional convex subset of A (X).

Proof. Fix r € I. Note that P", contains an extreme spread e of r (else, there is a sequence of
alternatives e, = (d,,)** (d) such that oy converges from above to r (w) such that r € ¢ ({r,ex})
for all k, which by Continuity means r € c ({r, (8,)" ) (6b)}>, a violation of FOSD (Axiom 3.1)).
Consider ¢ = r%%¢ € I. Since ¢ESr, ¢ € R*(r). Since c satisfies Independence over A, . and
c({r,e}) = {e}, we establish ¢ € P, N I. By Continuity, there exists an open ball B, around ¢ such
that ¢ ({r,q'}) = {¢'} for all ¢ € B,. By Lemma 7, B, N R¥ (q) contains a full-dimensional convex
subset of A (X). Moreover, B, N R¥ (q) C B, N R*(r) C P, hence P", contains a full-dimensional
convex subset of A (X). O

Lemma 9. Fix any r € A(X). If p € P N I, then P, contains a full-dimensional convex subset of
A(X). IfP". N T # 0, then P", contains a full-dimensional convex subset of A (X).

Proof. Fix r € A(X) and p € P, N I. Since p € I, the set of extreme spreads of p, ES (p), is
nonempty. Also, ES (p) C R (p) C R*(r). Since c satisfies WARP over A’;%i(r) andp e P, r ¢
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c({r,p,s}) forall s € R* (r), so we can use the same technique in the proof of Lemma 8 to establish
that P’ , contains an extreme spread e of p (else, p € ¢ ({r, D, (0)F (w) ((5b)}) by Continuity, which
violates FOSD (Axiom 3.1)). Consider ¢ = p"%e € I. Because ¢ESp and p € R* (1), so ¢ € R} (r).
Since c satisfies Independence over A’ ") and c({r,p,e}) = {e}, we establish ¢ € P, , N I. By
Continuity, there exists an open ball B, around ¢ such that ¢ ({r,p,¢'}) = {¢'} for all ¢ € B,. By
Lemma 7, B,N R* () contains a full-dimensional convex subset of A (X). Moreover, B, N R* (q) C
By N RY(r) CP,, hence P, contains a full-dimensional convex subset of A (X). The second
statement is given by the first statement and the observation that c satisfies WARP over A7,

(r)
implies P, , C PP/, . O

Stage 3: Expected utility when r € T U F;

Lemma 8 and Lemma 9 establish that when r € JUE, ", contains a full-dimensional convex subset
of A (X). The next result shows that for every r € IUEj, the subcorrespondence (c, AT i(r)) admits
an expected utility representation.

Lemma 10. For any r € A (X)), if P", contains a full-dimensional convex subset of A (X), then there
exists a strictly increasing utility function u, : X — R, unique up to a positive affine transformation,

such that ¢ (A) = arg maxpca Epu, (z) forall A € A%}(r)'

Proof. Since P’ contains a full-dimensional convex subset of A (X), consider a subset P C ",
that is a linear transformation of a | X| — 1 dimensional simplex (hence also full-dimensional and
convex). First, notice that for all p,q € P, we have {r,p,q} € A%L(T) and r ¢ c¢({r,p,q}). Recall
that ¢ satisfies WARP and Independence over A?{i(r)' By letting p ==, ¢ if p € ¢({r,p,q}), we
obtain a binary relation (Z,,P) that is complete, transitive, continuous, and satisfies the standard
von Neumann-Morgenstern Independence, and it is well-known that there exists a utility function
ur : X — R, unique up to a positive affine transformation, such that ¢ (A) = arg maxyc 4 Epu, ()
for all A € Ap. Since (Z,,P) satisfies FOSD (Axiom 3.1), u, is strictly increasing. We normalize this
function to u, : X — [0, 1] where u, (w) = 0 and wu;, (b) = 1.

We now show that this utility function can explain (c, Al m). First, note that for any two
lotteries p, g € A (X), there exist two (possibly different) lotteries p’, ¢’ € P such that (p/, ¢’) is a P-
common mixture of (p, q). This can be done by taking an arbitrary s € Int P and « large enough so
that both p’ and ¢’ enter P (this is why we need P to be full-dimensional and convex). Now consider
any p € R (r) and let (', p’) be a P-common mixture of (r, p). Since c satisfies Independence over
ARt ry
that p € ¢({r,p}) and ¢ € ¢({r, ¢}), then again by Independence over ARy p€ec({rp,q}) if

fori = r,p, i’ € c({r,',p'}) if and only if i € c({r,p}). Now take any p,q € R*(r) such

and only if p € ¢ ({r, p, q}), where (p', ¢’) is a P-common mixture of (p, q). We have thus shown that
c({r,p}) = argmaxey, ) Esur () for all {r,p} € A}"%i(r) and ¢ ({r,p, q}) = arg maxye ;. o} Estir (2)
for all {r,p,q} € Abii with p € ¢({r,p}) and g € ¢ ({r,q}). Since c satisfies WARP over Agiiy
showing ¢ (A) = arg maxyea Epu, (z) for all A € AT, ) is straightforward from here. O
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Stage 4: Concave transformations when r1,7, € I U F}

Lemma 11. For any ry,ry € I, if r1 Rro, then u,, = f o u,, for some concave and strictly increasing
function f : [0,1] — [0, 1].

Proof. This proof uses Axiom 3.3. Take any 71,7y € I such that r;Rro. Consider the function f
whose domain is the set of numbers {u,, (z) : x € X} such that u,, (z) = fu,, (z). Since u,, and
u,, are strictly increasing, f is strictly increasing in its domain.

We show that if 21 < 2o < x3, then f(au,, (v1)+ (1 —a)up, (23)) > af (u, (1)) +
(1 —a) f (ur, (x3)) where a solves au,, (v1) + (1 — a)u., (r3) = u., (r2). Suppose not, then
there exists 3, strictly greater than «, such that f (au,, (v1) + (1 — @) up, (23)) < BF (ur, (v1)) +
(1= B) f (ury (3)) < af (up, (1)) + (1 — ) f (ur, (x3)). Consider the lotteries § = d,, and
p = (64,)° (0z5). The above equations give Esu,, () < Eyu,, (z) and Esu,, (x) > E,u,, (x).
Let (d1,p1) be a P-common mixture of (J,p) where P is a full-dimensional convex subset of
P2, if ¢({r1,r2}) = {r2} and of P} otherwise (Lemma 9 guarantees the existence of P). Let
(02,p2) be a P-common mixture of (§,p) where P is a full-dimensional convex subset of P'?.

Since Eu,, explains (c,A%ﬂ ) and Eu,, explains (C,A%(m)), we have ¢ ({r1,01,p1}) = {p1}

(r1)
and c({rg,02,p2}) = {d2}. Now consider A = {ry,79,01,02,p1,p2}, which is in A}, and so

c(A) = argmaxgea Equ,, (). Because we have established E,,u,, () < Ep, u,, (), IES:LTI (x) <
E, ur, (z), and Es,u,, (x) < Ep,u,, (z) for i = 1,2 (the first two inequality are due to the way p;
was picked), so we know ¢ (A) C {p1,p2} . But ¢c(A) C {p1,p2} and ¢ ({re, d2,p2}) = {d2} jointly
violate Axiom 3.3.

To complete the proof, extend f to a concave function f : [0,1] — [0, 1] (for example by con-

necting points with lines). O

Lemma 12. For any r € Ey U Fy and p € R (r)\ {r}, either p first-order stochastically dominates r
or r first-order stochastically dominates p.

Proof. Take r € By U Eyandp € RY (r), p # r. Let a = r (b), then r (w) = 1 — a. If p(b) < a and
p(w) < (1 — ), then r is an extreme spread of p and pRr, so p ¢ R*(r). Furthermore, it is not
possible that p (b) > o and p (w) > (1 — «) since p # r. Hence either p (b) > v and p (w) < (1 — )
with at least one strict inequality, so p first-order stochastically dominates r, or p (b) < a and
p(w) > (1 — «) with at least one strict inequality, so r first-order stochastically dominates p. O

Lemma 13. For any ri,79 € I U Ey, if 1 Rro, then u,, = f o u,, for some concave and increasing
function f : [0,1] — [0, 1].

Proof. We use the proof in Lemma 11 with the following modifications. When o € E, let (d1,p1)
be a P-common mixture of (d,p), where P is a full-dimensional convex subset of P''. (Before,
we let P be a full-dimensional convex subset of P}, when c({r1,r2}) = {r2}, but now such a
subset may not exist since ro ¢ I). Since d2,p2 € P’? and Lemma 12 guarantees d; and p; each
first-order stochastically dominates ry, we replace the argument “E,,u,, (z) < Ep u,, (z)” with
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“Eryur, () < Ep,u,, (x).” Everything else goes through according to the proof in Lemma 11, giving
the desired result. O

Stage 5: Expected utility when r € E5 and concave transformations by construction

We are left with r € E», the alternatives in conv ({ds, d,,}) that are weakly preferred to everything
they reference dominate. The construction of u, can be partly arbitrary, where the main goal is to
make sure they are related by concave transformations to other utility functions.

By definition of Ey, P’ NI = (), so by Lemma 12 and FOSD (Axiom 3.1), r first-order stochas-
tically dominates p for all p € R* (r) N I. For any p € R*(r) N conv ({0y, . }), FOSD requires the
choice ¢({r,p}) to obey first order stochastic dominance. Together, any strictly increasing utility
function u, : X — [0, 1] will accomplish ¢ (A4) = arg maxye 4 Epu, (v) for all A € AT, ()"

We now construct u, so that it is related to other utility functions by concave transformations.
For any strictly increasing utility function w,, consider the object pP = (pg s ey pf’ X‘_l) € (0, 1)‘X -2
such that for all i € {2, ..., |X]| — 1},

o up () —up (Ti1)
P = S (o) =ty (1) (.1

(so p? satisfies uy, (x;) = plup (zi41)+(1 — p') up (z-1)). There is a one-to-one relationship between
up and pP. Also, it is an algebraic exercise to show that u, = f o u, for some concave and strictly
increasing f : [0,1] — [0, 1] if and only if p? > p? for all i.

Fixr € Fy. Let p" = <infpeK,,, (Ph), ..., infpek, (prFl)), where K, := (I U E1)N{p: pRr}, and
subsequently construct u, using Equation B.1, which is possible as long as K, is nonempty. Note
that when r ¢ {0, d,,}, » must be the mean preserving spread of something in I, so I N {p : pRr}
is nonempty, and so K, is nonempty. In the exception where r € {d,d,} and K, is empty, this
implies rRp for all p € A (X) \ {dp, 6} Then, we let

% (1) + % sup oF

PEA(X)\{dp,0w}
for all 7 and construct u, using Equation B.1. For any p € A (X) \ {r}, this construction results in
pi > pl for all i, with equality for p that also falls into this exception (there are at most two of
them, §, and §,,).

We now show that for any r1, o € A (X) where 1 Rro, we have p;* > p:? for all 7. This is already
shown for any r1,72 € I U Ej by Lemma 13. It is also already shown for the special cases in the
preceding paragraph, by careful construction. Hence, we restrict attention to the remaining cases.
Suppose p;' < p;* for some i. Then infyek, (pf) < p;?, so p; < p;> for some p € K,,. However,
since R is transitive, p € K,, implies pRrs; and since p € I U Ej, this contradicts Lemma 13. Say
r € TUEy, my € Eo, but pi* < p;? for some i. Then p;* < infpek,, (p), s0 pi* < p¥ forall p € K,,.
But r; € K,,, a contradiction. Finally, for r1,7y € Ejy, either K,, = K, or K,,, C K,,. If it is the

=

former, it is immediate that p™* = p2. If it is the later, then p;* = infyex, (o) > infpex,, (07) = p;°
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for all 7, as desired.
Thus, we have now shown that for any r1,72 € A (X) such that r Rry, p;' > p;? for all 4, or
equivalently u,, = f o u,, for some concave and strictly increasing f : [0,1] — [0, 1].

B.3 Proof of Theorem 2

“If” is straightforward, where compliance with Axiom 4.4 is shown in a footnote. I prove “only
if.” In Stage 1, we show that with Axiom 4.1 and Axiom 4.2, for any time 7 € T, the set of all
choice problems such that the earliest payment arrives at time 7 can be explained by a nonempty
set of Discounted Utility specifications, where a typical element of this set is a utility function and
a discount factor. In Stage 2, we show that at least one (consumption) utility function u can
be supported for all 7 € T, and for each 7 € T we set as 4, the corresponding discount factor
associated with « for 7; this is the more involved portion of the proof and it uses Axiom 4.4. In
Stage 3, with Axiom 4.3, we show the desired relationship between 4, and 4. for any two 7, 7.
Note that the representation constructed has discount factors indexed by time, not alternatives, so
in Stage 4 we convert them back to alternatives.

Stage 1: DU representation for each 7 € T

By Lemma 1 and Lemma 3, for any x € X and 7 € T, c satisfies WARP and Stationarity over
S@r) ={A€A:(z,7) € ¥(A)} (the additional compliance with WARP is implied by taking a = 0
in the definition of Stationarity). In fact, WARP and Stationarity hold even when we consolidate
the collection of choice problems where the earliest payment arrives at the same time (although
the payments themselves may be different), which we now show. Let S. ) := Uze x Sz,r)-

Lemma 14. For any 7 € T, c satisfies WARP and Stationarity over S(. ;).

Proof. Take any two choice sets A,B € S(. ;). Suppose it is not true that c satisfies WARP or
Stationarity over {4, B}. Therefore, it must be that ¥ (A) N ¥ (B) = (). Now let’s take the worse
payment at 7 for each set: (z*,7) € A such that z* < z for all (x,7) € A and (y*,7) € B such that
y* <y forall (y,7) € B. Suppose without loss of generality 2* < y* (due to ¥ (A) N ¥ (B) = 0).
By Axiom 4.1, adding («*,7) to B would not alter the choice, i.e., ¢(BU{(z*,7)}) = ¢(B). Let
B* := B U{(2*,7)}; note that A and B* are both in S, ;), and therefore c satisfies WARP or
Stationarity over {A, B*}. If it is Stationarity that is violated between A and B, then it is also
violated between A and B*, a contradiction. If it is WARP that is violated between A and B, it
remains to show, due to (z*,7) € A, if A C B then A C B* and there is a contradiction, whereas if
A D B then A D B* and there is a contradiction. O

We just established that c satisfies WARP and Stationarity over S. -y. This will give us, from
the choices in (¢, S(. ;)), a revealed preference relation on {(x,t) € X x T : ¢ > 7} that is complete,
transitive, continuous, and satisfies stationarity, and then it is well-known (Fishburn and Rubinstein
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(1982)) that along with Axiom 4.1 we obtain (many) Discounted Utility (DU) representations, for
instance by translating the time-index by —7 so that time 7 is, in that instance, time 0.

Stage 2: u, can coincide with u( for each 7 € T

With existence guaranteed, arbitrarily pick a DU representation with parameters (50, u0> that ex-
plains (c, S(.q)). Define Uy : X x Rsg — R by Up (2,t) := dhug (z). For every 7 € (0,1), arbi-
.m) and define U; : X x Ryg — R
by U, (x,t) := 6L, (z). We proceed to show that for every 7 € (0,%), there exists a DU repre-

trarily pick a DU representation (ST, ﬂT> that explains (c, S

sentation (37, uT) that explains (c, S(,J)) where u, = wuy. Fix a 7. This boils down to identifying
a certain relationship between Uy and U, due to the fact that they are DU representations and

Axiom 4.4—indifferences are preserved under a common delay multiplier A.
Fact 1. Forany t € [0,1),t > 0, and ¢ > 0, U, (x,0) = U (y,t) ifand only if U; (z,q) = U; (y,q + t).

Lemma 15. For any = € (a,b) (resp. © = a and x = b), there exists an open interval B = (z~,z") C
(a,b) (resp. proper interval B = [a,x,) where x < b and proper interval B = (z, ,b] where
z, > a) that contains x such that for some unique A € R, Uy (z1,t1) = Ug (22,%2) if and only if
U- (Zl,fl) =U, (22,2?1 + A (52 — 7?1)) fOT‘ all z1,29 € B.

Proof. Fix any z € (a,b). Consider i € {0,7}. Since U;(-,-) is continuous and de-
creasing in it's second argument, there exists ¢ € (i,t) such that c¢({(a,i),(z,q)}) =
{(z,q)}. Since there exists an open interval in (i,¢) that contains ¢, by continuity of
Ui (-,-), there exists an open interval O; in X that contains z such that 2/ € O; implies
c{(a,i),(z,q), (@, ¢}) = {(x,q),(x',¢)} for some ¢ € (i,t). Observation: for every
x1,r2 € O; such that 1 < w9, since we have ¢ ({(a,i),(z,q), (z1,t1)}) = {(z,q9),(z1,t1)}
for some t1, ¢({(a,9),(x,q), (x2,t2)}) = {(z,q), (z2,t2)} for some ¢2, and Lemma 14, we have
c({(z1,7), (wo,i+ta —t1)}) = {(x1,7), (x2,i + t2 — t1)} in (c, 5(~,z‘))-

Now consider an open interval (z~,z7) C O, N Oy that contains z. Consider any x1,z2,z €
(z~,x") where 1 < z < x2. We show an intermediate result that (i) Uy (x1,0) = Up (2, a,t) =
Up (z2,t) if and only if (ii) U, (z1,0) = U:(z,a,t') = U; (22,t'). Say (i) holds (for some
a,). Due to the observation, z1,22 € Oy, and Lemma 14, we have ¢(A) = A where A =
{(21,0), (2, ast) , (x2,t)}. Due to the observation and z1, z2 € O,, we have ¢ ({(z1,7), (x2, 7+ t')})
= {(x1,7), (x2,7 +t')} for some ¢'. Consider the choice set B = {(z1,7), (2,7 + a,t') , (x2, 7 + ')},
and note that B is related to A by transforming the time of each timed payment in A from ¢ to
Nt 4 d*, where \* = % and d* = 7. Then, invoking Axiom 4.4 gives ¢ (B) = B, which gives (ii) as
desired. The converse, (ii) implies (i), can be shown analogously. Due to Fact 1, we also note that
Up (21,0) = U (2, azt) = Ug (w9, t) if and only if U, (21,0) = U, (2, a,t’) = Uy (w2, ).

Consider any z1, 22, 23,24 € (z~,2™"). There exist x1,z2 € (z~,2") such that z; € (z1,z2) for
all 4. The intermediate result gives, for all 4, € {1,2,3,4}, Uy (x1,0) = Up (z;, a;t) = Up (x2,1)
if and only if U; (21,0) = Uy (2, ait’) = Ur (w2,1), so Up (2, cit) = Uy (24, t) if and only if
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Ur (2, 045t") = Ur (zj,a5t'), so by Fact 1, Uy (2;,0) = Up (25, (aj — ;) t) if and only if U, (z;,0) =
U- (2, (aj — o) t'), which means Uy (z;,0) = Uy (z;,1) if and only if U- (z;,0) = U; (z;, A\t) where
A= % Note that )\ is independent of i, j, hence the same )\ applies to relate 21, 2o and to relate
23, z4. Invoking Fact 1 once more completes the proof for the existence of A. Since A = %, where
t,t" are the unique solutions to Uy (z1,0) = Uy (z2,t) and U: (z1,0) = U; (z2,t), therefore A is
unique (for the given z € (a,b)).

For x = a and z = b, the proof is similar other than we replace open intervals (z*, 2~ ) with
half-open intervals [a, 2} ) and (z; , b]. O

Lemma 16. There exists A € R such that for all z* € X, Uy (a,0) = Uy (z*,t*) if and only if
U; (a,0) = U, (z*, A\t*). Moreover, X is unique.

Proof. Let C:={[a,z}), (z;,b]} U{(z],2;) : @ € (a,b)} be the collection intervals guaranteed by
Lemma 15. Note that C is an open cover of the closed and bounded interval [a,b], so a finite
subcover C is guaranteed by the Heine-Borel theorem. Consider a finite sequence of intervals in
C, (Bk)szl, such that the first interval is By = [a, ), last interval is Bx = (z; ,b], and for all k €
{1,K — 1}, BN By,1 # (. This is guaranteed by the fact that C is a cover of [a, b] and the intervals
in C are open except for [a,z}) and (z; ,b]. Then, for every two consecutive intervals By, Bj1,
the unique \’s guaranteed by Lemma 15, one for By, and another for By, must coincide due to
the nondegenerate intersection By N Bjyy1. Iterating through this finite sequence of intersecting
consecutive intervals guarantees, for every z* # a, an increasing sequence of payments (a:k)kM: 1
such that z; = a, xj; = z*, and for some \, Uy (zx,0) = Up (xp41,t) if and only if U, (x,0) =
Ur (xg41,At) for all k € {1,...,M — 1}. The rest is straightforward using Fact 1 (for example if
M = 3, we have Uj (a,0) = Up(x1,t1) = Up (z*,t*) if and only if U; (a,0) = U; (x1,At1) =
Ur (z*, Xt1 + A (t* — 1)), which completes the proof since Aty + A (t* —t1) = A\t¥). O

To recover ), take any x1, 22 € X such that x; < x9. For some ¢ and ¢/, Uy (x1,0) = Uy (z2,t)
and U, (r1,0) = U; (x2,t"). Then since we must have \t =/, we have \ = tti With Lemma 16, we
conclude that (37, uT) where u, = ug and 6, = 50_ A is a DU representation for (c, S(,,T)).

The analysis thus far was for 7 € (0,%). When 7 = {, since every choice problem in S. 7 contains
only timed payments that pay at time ¢, a DU representation is trivially established with any positive
67 and any strictly increasing u;. Therefore, we set u; = ug and 67 = SUP-¢fo,p) &, (this is why we
cannot guarantee 0; < 1, even if Axiom 4.1 gives us 0, € (0, 1) for all 7). From now on, we remove
subscript 7 from u, and simply write .

Stage 3: 5, > 6. forall 7 > 7/

If 7 = ¢, this is trivial from the construction of ;. Consider any 7,7 € [0,7). Continu-
ity of U, (z,q) = 6%u(z) and U (z,q) = 6%u(z) guarantee the existence of y > a such that

c({(am),(y,t)})={(am),(y,t)}andc({( ™), (y,t)}) = {(a,7), (y,t")} for some ¢,¢' € T', with
which we obtain 67u (a) = dLu (y) and 67,u (a) = 6%,u (y). Note that by Axiom 4.1, 6,,6,» < 1,
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sot—7 > 0and ¢ — 7 > 0. Suppose for contradiction 5y > b, then ¢/ — 7/ > t — 1,
or equivalently # > 7/ +t — 7. Note also that 7/ — 7 < 0 implies 7/ +¢t — 7 < t. So
t,t' € T implies (y,7+t—7) € X x T. Putting together what we established, we have
T<Tr<t, T <TH+t-—T7, 5;,u(a) < 6Tu(a) = uly) < 5:,/+t_7u(y), and 0%,u(y) <
07, " Tu (y), which implies ¢ ({(a,7'), (y, 7"+t —7),(a,7),(y,1)}) = {(y,7 +t—7)}. By Con-
tinuity of U, (z,q) and U, (x, q), if we consider y — € for some ¢ > 0 sufficiently small, we have
(@), (= +t—7), (@), (y—eD}) = {y—er +t—)} and c({(a,7), (y— e, O)})=
{(a,7)}, which jointly contradict Axiom 4.3 because 7" = 7+ d and 7’ +t — 7 = t + d where
d=71—7>0.

Stage 4: R and 4, )

Create a complete, transitive, and antisymmetric R on Y such that ¢ < ¢ implies (z,t) R (2/,t'),
which involves an arbitrary completion between when (z,t) and (z,t') when ¢ = ¢/, and set, for
every (z,t) €Y, §(py) = 5.

B.4 Proof of Theorem 3

“If” is straightforward. I prove “only if.” Stage 1 and Stage 2 show that with Axiom 5.2 and
Axiom 5.1, for each Gini coefficient g, the set of all choice problems where the most balanced
alternative has Gini coefficient g can be explained by the maximization of Z + v, (g) for some
unique 9 : [w, +00) — R. Stage 3 shows that g < ¢’ implies 0, (y) — 04 (') > 0y (y) — 0y (y') for
all y > y/. Stage 4 builds the reference order R using Gini coefficient and arbitrary completion.

Stage 1: x + v(, ) (y) for each alternative (z,y) € Y

Fix (z,y) € V. Let R*((z,y)) := {(@',y) €V : G((z,9)) < G ((2/,¢/)} and A = AGY) =
{Ae€ A:(x,y) € argmin,c4 G (z)}. By Lemma 3, ¢ satisfies WARP and Quasi-linearity over A (the
additional compliance with WARP is implied by taking ¢ = 0 in the definition of Quasi-linearity).
Let Pe) := {(a',y/) € R* ((2,9)) : (',¢/) € c({( ), (2. ) )}

Since ¢ satisfies WARP over A, by Theorem 4, there exists a utility function U : Y — R that
explains (c, A).

Note that for all (2/,y') € R*((x,y)), U(2',y') > U (x,y) if and only if («/,y') € PEY),
Since c satisfies Quasi-linearity over A (Axiom 5.2), U restricted to the domain P@¥) (which con-
tains (v,y) itself) must be a strictly increasing transformation of # + v, ) (§) for some unique

Vy) @ [w,+00) — R. Figure B.1 provides an illustration of how v, is constructed, and

Y
T + v(z,y) (9) is our target, quasi-linear, utility function. It is straightforward that for all A € A
such that A C P(*¥) the maximization of Z + V(a,y) () gives c(A). Next, we show that this con-
sistency applies to other A € A. For any (2/,y') € R*((z,y))\P@¥), there is no A € A such
that (2/,3') € c(A), so we just need to guarantee z’ + v(,,) (¥') < @ + v(yy) (y). Suppose for

contradiction this inequality fails. Since for some a we have {(x +a,v), (' + a,y)} C P®¥) and
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G() =6((x)

G(!) = G((x, y))

RY((x, y))\PC)

RY((x, y)\P&Y)

Figure B.1: This figure illustrates the construction of v, for a fixed (z,y) € Y. The space Y is
divided into three regions: (1) Between the two diagonal lines are alternatives in Y\ R ((z,v)),
they have lower Gini coefficients than (z,y), and therefore they appear in a choice problem where
(z,y) is the reference. The alternatives in R* ((z,y)) are then split into two groups: (2) those
that are chosen when (z, ) is the reference, P(*¥), and (3) those that are not, R* ((z,y)) \P(*¥).
These two groups are separated by the indifference curve passing through (z,y), the red curve,
which partially constructs v, ,) (partial because Gini coefficient truncates the space). The rest of
V(z,y) can be constructed by using an indifference curve that connects (z + a,y) and (z* + a,y*),

the purple curve, where G ((z,y)) = G ((z*,y%)), c({(z,v), (=", y*)}) = {(z,y), (z* y*)}, and
(.’L‘ + a, y) (2 +a,y*) € Py)

therefore (' + a,y’) € c{(x,y), (z + a,y), (2’ + a,y')}, the fact that {(x,y) , (z + a,y) , (' + a,¥')}
and {(x,y), (z',%')} are both in A but (z',y') ¢ c({(z,y),(z',y)}) (because (z,y') ¢ P(*¥) con-
tradicts c satisfies Quasi-linearity over A. It remains to consider the consistency of & + v, (¢) for
alternative (2/,y') ¢ R* ((z,y)), but this is immediate since there is no A € A such that (z/,y') € A.
S0 T + v, ) (¥) explains (c, A).

Stage 2: = + 0, (y) for each Gini coefficient g

Fix g € [0,0.5), we now show that v(, ,) must coincide for all (z,y) where G ((z,y)) = g. Consider
the collection of choice sets S := {4 € A: min,c4 G (2) = g}. It turns out that ¢ satisfies WARP
and Quasi-linearity over S. To see this, take any two choice problems A;, A in S. For each
i = 1,2, there must be an alternative (x;,y;) € A; such that G ((z;,v;)) = g and G ((«/,y')) > ¢
for all other (2/,4’) in A;. Consider an income distribution (z*,y*) such that z* < min{xy, 22}
and y* < min{y;,y2} and G ((z*,y*)) = g. Due to (z;,v;) € ¥ (4; U{(z* y*)}), Axiom 5.2, and
Axiom 5.1, we have ¢ (A4;) = ¢ (A; U {(z*,y*)}) for i = 1,2. But (z*,y*) € U (A; U A U {(z*,y")}),
so by Axiom 5.2 again, between c¢(A; U{(z*,y*)}) and ¢ (A2 U {(z*,y*)}), which as established
are equal to ¢ (A4;) and ¢ (Asz) respectively, WARP and Quasi-linearity must hold. Since ¢ satisfies
WARP and Quasi-linearity over S, there is a unique ¢, : [w, +00) — R such that the utility function
T + 1,4 () explains (¢, S). But every v, constructed in Stage 1 is also unique, and ALY cs

Rt((z.y))
if G ((w,y)) = g, 80 v, ) must coincide for all (x,y) such that G ((x,y)) = g.
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Stage 3: g < ¢’ implies 0, (y) — 04 (v) > 0y (y) — 0y (v') for all y > ¢/

Finally we show that the constructed 7, (y)' s are systematically related. Consider any ¢, ¢’ € [0,0.5)
such that g < ¢’ (reminder: lower g implies greater attainable equality) and any y,y’ € R> such
that y > /. Define v, := 04 (y) — 04 (v) and 0y = 0y (y) — 0y (y'). We want to show v, > vy.
Suppose not, our goal is to find a contradiction of Axiom 5.3 in choice behavior.

Let z be a number such that 5, < z < vy. Consider (z4,w),(zg,w) € Y such that
G ((zy,w)) = ¢ and G ((zy,w)) = g, which exist because G ((z,w)) is continuous and in-
creasing in # from G ((w,w)) = 0 to lim; 400 G ((z,w)) = 0.5 and g,¢’ € [0,0.5). Consider
x = z+ A, 2/ := 22+ A for some A > 0 such that ¢ < min ({G((z,v)),G ((«',y'))}) and
2/ > z > max ({zy,2,}), where A exists because for any fixed y, G ((Z,7)) is asymptotically
increasing in # and lim, . G ((x,7)) = 0.5, and ¢’ € [0,0.5). Essentially, we have introduced
reference points (zy,w), (z4,w) that will not be chosen (due in part to Axiom 5.1), forcing the
choice to be between (z,y) and (z/,y').

We now use the constructed alternatives, (z,y), (2',v'), (asg/, w) , (z4,w), to demonstrate a vio-
lation of Axiom 5.3. For the choice problem {(z,y), («',v'), (x4, w)}, (z4,w) is the reference (so
0y is used) and cannot be chosen. Since v, > z, or equivalently z + vy (y) > 2z + 0y (y'), we have
x40y (y) > 2’ + 9y (y'), and therefore

c({(z9), (@,y), (zg,w)}) = {(z,9)}. (B.2)

By analogous arguments, z > o, gives ¢ ({(z,y),(2',¥), (zg,w)}) = {(«',y')} (94 is used), which
also gives

c({(@.9), (2"y), (zg,w) , (g, w)}) = { (=)} - (B.3)

due to Axiom 5.2 and G ((zg,w)) = g < ¢ = G ((zy,w)). Since y > 3/, Equation B.2 and
Equation B.3 jointly contradict Axiom 5.3.

Stage 4: RonY

Create a complete, transitive, and antisymmetric R on Y such that G ((z,y)) < G ((«/,y’)) implies
(z,y) R («',y"), which involves an arbitrary completion when G ((z,y)) = G ((«,¢/)).
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