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Abstract

Risky consumption generates information when uncertainty is resolved.
This paper axiomatically characterizes the consumption-information trade-
off even when the analyst does not observe an agent’s future problems. A
subjective future menu underpins the agent’s willingness to sacrifice current
consumption for future information. By carefully separating objective risk
from subjective risk, we decompose the certainty equivalent of an act into a
standard risk premium and a novel information premium. To facilitate ap-
plications, we introduce an Arrow-Debreu-Pratt parameterization that yields
a tractable model, capturing risk aversion and information incentives with a
single coefficient for each. Finally, we show that heterogeneity in risk-taking
may arise from differing opportunities to capitalize on information, rather than
being solely attributable to differences in risk aversion.
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1 Introduction

Economic agents often have to choose an action not knowing for certain what the
outcome will be. Risky consumption decisions inherently contain information when
uncertainty is resolved, rewarding the agent not only in terms of today’s utility (con-
sumption incentive) but also through better future decisions (information incen-
tive). Disentangling the two incentives helps address why population heterogeneity
in risk-taking behavior is not solely the result of heterogeneous risk attitudes, but
also the result of heterogeneous future opportunities, where some individuals can
benefit more from (the same) information than other individuals do.

Information incentives are ubiquitous, even if the analyst does not observe it
directly. Consider the well-known Anscombe-Aumann act, the predominant tool
to study choice under (subjective) risk. It prescribes the probability of different
outcomes z,y, z, ... under each state of the world wy, ws, ..., general enough to find
applications across all of economics. For example, the act f is risky but ¢ always
delivers the same outcome z.

g z
w1 w1
W9 (09)) 1

When the DM does not know the true state w, she forms a belief about the likeli-
hood of different states and outcomes, and uses that belief to make consumption
decisions. However, upon choosing f, outcome z is substantially more likely to
occur under state w; than under state w,, so when uncertainty is resolved and =z
occurs, a Bayesian DM receives new information suggesting that the state is quite
likely w;. This information may have value depending on what the DM’s future
problems entail, even if they fall outside the scope of the analyst’s observations.

In fact, an Anscombe-Aumann act is structurally identical to a Blackwell experi-
ment, and f Blackwell-dominates the uninformative g. The DM may hence have an
incentive to choose f even when its consumption utility is lower than that of ¢, and
analogously an incentive to choose g even though it is Blackwell-dominated by f.

This simple observation is consistent with a wide range of real-life problems. A
diner trying a new restaurant learns about its quality while enjoying the meal. A
doctor administering a treatment observes the patient’s clinical response and learns



about the treatment’s effectiveness. A firm deploying a marketing strategy will learn
about features of consumer demand.

The extent to which (the same) information has value often depends on unob-
served individual characteristics: whether the diner will soon move out of town,
whether the doctor is aware of new future treatments, whether the firm has a cer-
tain confidential expansion plan.

To disentangle this unobserved consumption—information trade-off, we axiomat-
ically characterize a model called Informative Consumption (IC). The primitive is
simply preference over Anscombe-Aumann acts. In the model, the DM has a subjec-
tive future menu, A, which is ultimately inferred from choice behavior. Along with
other usual preference parameters, the DM chooses act f to maximize

aUc (f)+(1—a)Ur(f), (1.1)

where Ucq (f) is the standard, first-period expected consumption utility, U; (f)
is a continuation value from information acquisition, and « is a consump-
tion—information weight. The continuation value U; (f) depends on both the
information content in f and the options in A. The model is formally given in
Section 2.

One application for the weight is discounting, where the DM enjoys an immedi-
ate consumption utility and a discounted future utility. She therefore maximizes

Uc (f) + BUL(f)

where 5 = (1 — a) /a € [0,1].

IC admits the standard (one-period) Subjective Expected Utility (SEU) as a spe-
cial case when o = 1 (or § = 0). But unlike essentially all generalizations of
SEU (where the focus has predominantly been on the violations of expected utility
forms or the presence of multiple priors), IC departs from SEU not due to behav-
ioral biases. Quite the contrary, the DM is sophisticated, forward-looking, and takes
information incentives into account.

In fact, the main axiom Mixture Aversion is the exact opposite of the well-known
maxmin expected utility’s axiom Uncertainty Aversion (Gilboa and Schmeidler,
1989). When the DM is indifferent f ~ ¢, mixing the acts weakens the information

content of signal realizations because they are now more equally distributed across
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states. Hence f > af + (1 — a) g when the DM is not indifferent to the mixture.

Risk-Information Decomposition

IC enables the study of a novel notion called information premium that is in many
ways analogous to the well-known risk premium. In this framework, both premiums
play a role in determining a DM’s certainty equivalent of an act. Because a certainty
equivalent is certain, the (degenerate) act that offers the certainty equivalent is
uninformative, so the DM must be compensated for the loss of information value
as she gives up an act. We show that information premium has intuitive properties.
The information premium of an uninformative act f is zero. Under an intuitive
parameterization, proposition 4 further shows that Blackwell-dominating acts have
greater information premiums. It also shows that information premiums weakly
increase for all acts when information incentive is greater, which is intuitive because
there is more valuable use of the same information. The difference between an
act’s expected payoff and its certainty equivalent is exactly the sum of risk premium
and information premium, both of which can be identified by carefully separating
objective risk (risky but no information) from subjective risk (contains information).

Behavioral Characterization

The characterization of IC involves four key axioms (and a technical condition).
Mixture Aversion is already mentioned. Skewness Independence relaxes the stan-
dard independence condition by applying it only to mixtures that involve propor-
tional likelihoods in generating the same prize across different states. Intuitively,
the new axiom allows for a DM to care about whether a prize z occurs through
state w; or state ws, for instance, which is not the case in standard SEU where the
DM simply calculates the aggregate probability of z. Of course, mixing propor-
tional acts does not alter information content because posteriors are determined
by likelihood ratios. The last two significant axioms are Prize Independence and
State-Prize Independence. The former weakens monotonicity and says that an “up-
graded” act should be preferred if the upgrade does not involve overlapping prizes;
again, the intuition is about not distorting the likelihood of a prize across different
states. The latter requires that equal and state-dependent distortions do not change
preferences.



Arrow-Debreu-Pratt Parameterization

For applications, Section 4 introduces a 2-parameter parameterization of IC where
p captures risk aversion and ¢ captures information incentive. It is common to work
with CARA functional forms where the Arrow—Pratt coefficient p captures the degree
of risk aversion. It turns out that the future menu A can also have an intuitive
parameterization using a menu of Arrow-Debreu assets, each paying the prize ¢ in
a particular state. An individual with a greater  has stronger information incentive
and always enjoys more information premiums. We show that this parameterization
greatly simplifies IC. In particular, continuation value is now separable between
preference parameters (p, ) and a novel information index I ( f, 1) that captures the
aggregate information value of f under prior p (proposition 3). Results show that
differences in risk-taking behavior can be reconciled using the same degree of risk
aversion but with the more risk-taking DM having a greater information coefficient
¢ if her chosen act has a greater information index (proposition 5).

Section 2 introduces the primitive, the model, and the risk-information decom-
position. Section 3 proposes axioms and state the representation theorem. Section 4
proposes the Arrow—Debreu—Pratt representation. Section 5 concludes. Appendix A
contains proofs.

1.1 Related Literature

In the subjective learning literature that can be traced back to Kreps (1979), theo-
ries use observed preferences over menus to infer the possibility that a DM expects
to receive information tomorrow, even if that information is not observed by the
analyst. Most work focuses on exogenous subjective learning, where the DM has
no control over what she might learn (Dekel et al., 2001; Dillenberger et al., 2014).
Then comes endogenous subjective learning, in which the DM has some control
(Hyogo, 2007; Piermont et al., 2016; Cooke, 2017). In this literature, learning is
subjective because the analyst does not observe the information structures of the
DMs.

We study a different problem where information content is known because
Anscombe-Aumann acts are structurally identical to Blackwell experiments. In-
stead, our main unobservable is the (future) menu that the DM expects to face,



which is exogeneously observed in most of the subjective learning literature.

Like us, Liang (2017) and Rommeswinkel et al. (2023) study the consump-
tion-information trade-off with known information content. Our work was
developed independently, though all three papers analyze closely related mod-
els. Liang (2017) introduces a general framework of information-dependent ex-
pected utility and considers a close variant of IC as special case,! whereas we
highlight the role of the subjective future menu and develop analytical tools and
tractable parameterizations. The two papers also propose different behavioral foun-
dations (axioms) with theirs emphasize an information-based perspective whereas
our main axiom, Mixture Aversion, captures the central tension of the consump-
tion—information trade-off. Rommeswinkel et al. (2023), differently, study Savage
acts, so learning occurs only at the event level, and they identify the informational
value of partitions of the state space, which serve as a general foundation for the
preference for knowledge.

There is also rising interest in the intrinsic preference for information, where
a DM has preference over the resolution of uncertainty even if that information
cannot help future decisions (Masatlioglu et al., 2023; Gul et al., 2025; Ke and
Zhang, 2025). In contrast, we study what may be more accurately described as
extrinsic preference for information because they can improve future decisions. This
point is also made by Ergin and Sarver (2015), who also introduce hidden actions,
which are related to our subjective future menu, although the functions of hidden
actions / future menus are different. In theory, decision making can be affected
by both forms of preference for information. Our work shows that distinguishing
objective risk from subjective risk can separate the two even if extrinsic information
incentives are not directly observed.

There is also a literature on pure information acquisition without consump-
tion, in which we are most related to two sub-strands. One sub-strand charac-
terizes costless information acquisition (Gilboa and Lehrer, 1991; Azrieli and
Lehrer, 2008; Frankel and Kamenica, 2019). We share technical methods because
the need to infer a DM’s unobserved problem is in common. Our study disentangles

information and consumption incentives in the presence of unobserved informa-

'Excluding technical differences regarding continuity, their hidden acts representation, which is
related to Azrieli and Lehrer (2008), captures hidden information incentive using a menu of utility
vectors.



tion—consumption trade-off. The second sub-strand takes information cost into
the picture. Caplin and Dean (2015) characterize optimal information acquisition,
De Oliveira et al. (2017) identify information acquisition cost, and Caplin et al.
(2022) characterize Shannon cost. Unlike our study, decision problems are ob-
served. We note that our approach may contribute to microfounding information
cost using consumption loss.

2 Model

Let the set of prizes be X = R, and let Q@ = {w;,...,wn} be a finite state space
with |Q] = N. Let A (X) be the space of simple lotteries, i.e., lotteries with finite
support. An (Anscombe-Aumann) act is a function f : Q@ — A (X) and F is the
set of all acts. The primitive is a binary relation -~ over F. The symmetric and
asymmetric components of >~ are denoted by ~ and -, respectively.

Notation: Per convention, p (x) denotes the probability that lottery p gives prize
x and f (z |w) denotes the probability that act f gives prize = under state w. A
degenerate lottery 0, gives prize x with probability 1. A constant act p € F gives
lottery p € A(X) in every state. A degenerate act §, € F is a constant act that
gives the degenerate lottery ¢,. For f,g € F and a € [0, 1], the mixture act af +
(1 — a) g denotes the act that gives prize = under state w with probability af (z | w)+
(1—a)g(z|w). Asis standard, supp (f) ={zx € X : > f(z|w) >0} forall f € F
and supp (p) = {r € X :p(z) > 0} for all p € A(X). For notational brevity, we
use f N g to refer to supp (f) N supp (g). For later, given A C F, let supp (A) :=
Ureasupp (f). We use the convention that 0 x —oo is 0.

2.1 Informative Consumption Representation

Even though our observation is preference over (one period’s) acts, the DM in our
model is, as if, facing a two-period problem. Given a prior over states u € A (£2) and
a Bernoulli utility function v : X — R, her choice of act f gives her the standard
(subjective) expected utility in the first period,

Ue(f) =Y n(@) 3 Flolwul). 2.1
()

we TESUpp



In the second period, the DM solves an (unobserved) problem utilizing the infor-
mation obtained from the resolution of f, which gives her an (ex-ante) continuation
value

Ur(f) = ) [Zu le] maXZux,f Y. 9lylwuly)

zesupp(f) Lwe we y€supp(g)

probability of signal/prize z value of p(:s,terior i f

(2.2)
The formulation of continuation value is standard: Upon receiving a prize x, the
DM forms a Bayesian posterior y, f € A (Q), i.e.,

pw) f(r]w)

Mo, f (w) = Zw’eﬂu(w,) f(z | w/)

Then, she chooses from her perceived future menu A to maximize expected utility,

Vw.

which results in the value of having posterior 1, ;. Finally, by aggregating over
possible prize realizations = € supp ( f), she obtains her continuation value.

Definition 1. >~ admits an Informative Consumption (IC) representation if there
exist a full support prior p € A (2), a strictly increasing utility function v : X — R,
a consumption-information weight o > 0, and a future menu A C F such that 7 is
represented by the function U : 7 — R where

U(f)=alUc(f)+ 1 —a)Ur(f).

The model departs from standard SEU, but it is not due to behavioral biases. In-
stead, the DM is more sophisticated in the sense that she considers not only today’s
consumption but the information benefits on future decisions. Note that A C F is
a subjective future menu. It is neither decided nor known by the analyst, as it is not
part of the primitive. Instead, it captures the DM’s perception of what the future
entails. It could be correct but falls outside of the analyst’s observation, or it could
simply be the DM’s misconception. In any case, this perceived future menu captures
an extrinsic preference for information that is hidden to the analyst.

The special case where o = 1 corresponds to a DM who only cares about con-
sumption value, and we obtain standard SEU. But even if o < 1, information in-
centive can still be absent when A is a singleton, that is, the DM does not have



a choice to make in the future. In this case, information may be present but it
has no value, and in particular U; (f) = constant for all f. Clearly, maximizing
U (f) = Uc (f) + constant is standard SEU. Section 3 characterizes IC and related
representations. Section 4 parameterizes A with a (single) coefficient of informa-
tion incentive.

2.2 Risk-Information Decomposition

Risk premium has served as an incredibly useful measure to summarily capture an
economic agent’s risk aversion. We propose a novel notion of information premium
because risk-taking behavior can also be affected by information incentives.

The certainty equivalent of f, denoted by C'E (f), is a prize in X such that re-
ceiving that sure prize (in every state) is as good as receiving f, i.e., dcg) ~ f.
For a given distribution of prizes, standard methods infer that a lower certainty
equivalent is associated with greater risk aversion.

This is no longer true in our model. The certainty equivalent can still be well-
defined, but it now accounts for two distinct forces. The first is standard. Because
certainty is preferred by a risk averse DM, a certainty equivalent tends to be lower
than the mean of an act where the difference is usually called the risk premium.
This is the only force for a constant act p € F (it gives the lottery p € A (X) in
every state of the world), so we obtain the standard

E, (z) — CE (p) = risk premium.

The second force is novel. Because the degenerate act écp(y) is uninformative,
the certainty equivalent of f must use pure consumption to compensate for forgone
information utility from f, so it leads to a greater certainty equivalent due to what
we call information premium.

A typical act f € F involves both premiums and we propose a decomposition.
Let py be the lottery reduction of f,i.e., ps () =), 1 (w) f (x| w). Consider

Ey (2) ~ CE(f) = [ () - CE(p)] + [CE(p) ~CE()]  (2.3)

(. J/ N J/

RP(f) (risk premium) —IP(f) (information premium)

where By (ZL‘) = ersupp(f) Zw w (w> f (:L" | w) Z.
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Rearranging Equation 2.3 gives

CE(f) =E;(z) —RP(f) + IP (f). 2.4)

Information premium IP compensates the DM for giving up information. There-
fore, it summarily captures the influence of a DM’s information incentive on her
evaluation of risky prospects. It is non-negative. If f is a constant act, then f is
identical to its reduction p; and IP (f) = 0. This is intuitive since a constant act
does not provide information. We show in proposition 4, under a parameterization,
that information premium is analogous to the familiar risk premium in the way it

reacts to preference parameters and the nature of different acts.

2.3 Information and Subjective Risk

The decomposition into different premiums captures how objective risk and subjec-
tive risk differently affect the evaluation of an act.

Objective risk refers to the uncertainty from an objective distribution of prizes,
such as the lottery given in a particular state f (w). Differently, subjective risk refers
to the uncertainty due to the DM’s subjective prior about states interacted with
state-dependent outcomes. For instance, act f has subjective risk but no objective
risk, and act g has objective risk but no subjective risk.

[z @ g T To

w1 1 0 w1 1/4 3/4
wy | 01 wy | 1/4 3/4

Standard models in economics, such as the SEU, evaluate both forms of risks

using expected utility. In the example above, if 1 (w;) = 1/4, then the lottery reduc-
tions py, p, are identical and SEU deems f, g indifferent. The presence of informa-
tion incentive causes a departure from SEU, but it only does so through subjective
risk.

In the decomposition (Equation 2.3), because p; is a constant act containing only
objective risk, which means it is structurally identical to an uninformative Blackwell
experiment, risk premium is not affected by subjective risk after controlling for

aggregate risk (the marginals of each prize).
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On the other hand, p; and f have the same aggregate probabilities of prizes, so
they should lead to the same consumption utilities. Their differences come from
the subjective risk contained in f (interacting with p), which provides information
when resolved. Therefore, information premium is the result of the interaction
between information incentive and subjective risk.

If A is a singleton (the DM thinks that she has no future choice to make), we
return to standard SEU. But even if A is meaningfully non-trivial, constant acts
can never contain information because they do not contain subjective risk, their
information premiums are still 0.

Section 4 continues this discussion under an intuitive parameterization.

Information-induced risk

We remark that there is a necessary trade-off between information and risk. The
reduction py of f is degenerate if and only if there exists z € X such that f (2 | w) =
1 for all w € suppy. In that case, IP (f) = 0 and RP (f) = 0.

If IP(f) > 0, then py is non-degenerate. If u is strictly risk averse (i.e., strictly
concave), then IP (f) > 0 implies RP (f) > 0. This is intuitive because information
can only be transmitted if an act can generate different prizes, or signal realizations,
under a given prior. In turn, this departure from a degenerate act induces risk
premium for risk averse DMs. The converse is not true since RP (f) > 0 can be the
result of a constant but non-degenerate act, which is risky but uninformative, and
hence IP (f) = 0.

3 Axioms and Representation Theorem

Axiom (Basic Axioms).
1. (Basic Rationality) The binary relation - is complete and transitive.

2. (Continuity) If f = g = h,then{a:af + (1—a)h = gtand{a: g7 af + (1 —a)h}
are closed.

3. (Monotonicity) If x > y, then ¢, > ¢,.?

2This can be replaced by a weaker, non-extremality condition (i.e., for all x € X, neither d, = §,

12



3.1 Skewness Independence

The benchmark model we depart from is Subjective Expected Utility (SEU), and its
key axiom is the independence condition. The full scale of independence requires,
indiscriminately, f 77 g < af + (1 —a) h 5 ag + (1 — a) h. The next axiom weakens
this requirement by adding a prerequisite related to overlapping prizes. Let f, :=
(f(z]w),..., f(x|wy)) capture the likelihood of prize z in different states. Given
acts h, f € F, write h, x f, if kh, = f, for some k > 0. That is, the likelihood
of prize = occurring through different states is proportional across the two acts
(examples later).

Axiom (Skewness Independence). If h, « f, and h, x g, for all x € supp (h), then
frngeaf+(1—a)hZag+ (1 —a)h

A standard SEU maximizer considers only the aggregate probability of each prize
occurring regardless of its potential skewness across states. Axiom 3.1 relaxes this
condition by allowing for a DM who cares about whether a prize is more likely to
occur through state w; or through state ws. The mixture of overlapping acts can
alter this likelihood ratio. In the following examples, the prizes of i do not overlap
with the prizes of f and g, so independence holds between (f, g, h). For ¢’ and ¢”,
x1 is now an overlapping prize with h. But h, x ¢/, so independence should still
hold between (f, ¢, h). Yet the mixture 3¢” + $h distorts the relative likelihood of =
by a shift from w; to w,, so the axiom allows independence to fail (i.e., f = ¢” but
29"+ sh = 3 f + 3h).

h «x Y f w =z g w =z
w1 1/2 1/2 w1 1 0 w1 0 1
g z g z

wi | 1/4 3/4 wi | 5/6 1/6
wy | 1/4 3/4 wy | 1/6 5/6

for all y € X nor ¢, 7 J, for all y € X) along with the corresponding weakening of u in definition 1
and definition 2.

13



3.2 Prize Independence

Another standard axiom that is weakened is monotonicity. In most models, “up-
grading” an act by replacing an inferior prize with a superior prize results in the
new act deemed better. This assumption is sometimes called first-order stochastic
dominance. Given act f, let fzp be the act that replaces prize x with lottery p.>

If p - x, then fxpis an “upgrade” from f, and standard models predict fxp 7 f.
This is no longer obvious if the DM cares not only about the aggregate probability of
a prize but also about its probability in each state. In particular, the replacement of
x can distort the relative probability of y between states. To allow for monotonicity
violations only in the face of these distortions, observe that distortions will not
occur if supp (p) N supp (f) = 0, because f(z |w)p(y) > 0 only if f(y|w) = 0.
Hence we impose monotonicity that pertains to an upgrade with this precondition.
For monotonicity that pertains to a downgrade, i.e., x =~ p = [ = fxp, we impose
without additional preconditions.

Axiom (Prize Independence).
e Ifx = p (resp. ), then f = fxp (resp. +).
e Ifpnf=0andp - x (resp. =), then fxp = f (resp. =).

Furthermore, if two prizes z, y are equally likely under every state, i.e., f, = f,,
then equal distortions to both prizes should preserve indifferences. Formally, con-
sider the weaker notion of replacing a prize where it is replaced only in a particular
state. Given f, let f,xp be the result of replacing prize x with lottery p (only) under
state w.* We demand that two different ways of modifying f by replacing equally
likely prizes with non-overlapping, indifferent lotteries do not make one modifica-
tion better than another.

Axiom (State-Prize Independence). If f, = f,, 0. ~ p, 0, ~ ¢ pN f = 0, and
qN f =10, then f,rp ~ f,yq.

3Formally, fxp yields the prize y # = with the original probability of y plus the added probability
of y due to the replacement of z, that is, f (y | w) + f (« | w) p (y). It yields prize = with probability

f (@ |w)p (). So fap(y |w) = {;@wﬂf(xlw)p(y) y#a

(@ |w)p () y=1z
tr oy {fP ) W =
fw’p(y| ) {f(yw/) w/#w'
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3.3 Mixture Aversion

The final axiom concerns the mixture of two indifferent acts. Under standard in-
dependence, the mixture of two acts is indifferent to the two acts themselves. The
DMs we consider are mixture averse. Intuitively, the mixture operation tends to
balance the relative probabilities of a prize under different states. Recall that Ax-
iom 3.1 and Axiom 3.2 avoid imposing restrictions when these relative probabilities
are potentially distorted. Mixture aversion focuses on a particular kind of reaction
to these distortions, where making the same prize more-or-less likely to come from
any state is disliked.

Axiom (Mixture Aversion). If f ~ g, then f = af + (1 — a) g, for any a € [0, 1].

To interpret, the DM prefers a strong association of each prize to a particular
state, which may be viewed as a particular form of state-dependent preference for
prizes. This is intuitive in the context of information acquisition, where it is well
known that mixing two Blackwell experiments yields “balanced” likelihood ratios,
thereby producing a posterior distribution that is closer to the prior, which is less
valuable for the subsequent decision problem.

Many models of subjective risk focus on the exact opposite axiom called un-
certainty aversion, where mixture is weakly preferred (i.e., af + (1 —a)g = f).°
Gilboa and Schmeidler (1989) is most prominent, where mixtures are preferred
and they underpin ambiguity averse preferences. In our setting, a certain form of
uncertainty may be preferred because the resolution of these uncertainty contains
useful information.

3.4 Representation Theorem

An intermediate representation bypasses the future menu A by directly specifying a
value function V' over posteriors:

Definition 2. 7~ admits an Informative Consumption - V (IC-V) representation
if there exist a full support prior © € A (), a strictly increasing utility function

>Sarver (2018) studies a different version of mixture aversion where the primitive is preference
over Epstein and Zin (1989) lotteries, and EU-violating behavior is understood as inconsistent risk
attitudes.
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u: X — R, a continuous and convex posterior value function V' : A (©2) — R such
that - is represented by

U(f)=Uc(H)+ D D onw f@|w) Vimy).

zesupp(f) wef

J/

TV
probability of posterior p, ¢

Theorem 1. - satisfies Basic Axioms, Skewness Independence, Prize Independence,
and Mixture Aversion if and only if it admits an Informative Consumption (IC) - V

representation.

Theorem 2. - admits an Informative Consumption (IC) - V representation (p,u, V)
where V' is Lipschitz continuous if and only if it admits an Informative Consumption
(IC) representation (p,u, a, A).°

We remark that the Lipschitz continuity of V' can be obtained by adding a con-
tinuity axiom a la Dekel et al. (2007), where we essentially require that the equiv-
alents of any two acts that are sufficiently close (in conditional probabilities) have
bounded differences. We leave this attempt for future versions of this paper.

Identification

In both IC and IC-V, the prior p is unique and the Bernoulli utility function wu is
unique up to positive affine transformation, as in standard SEU. For IC-V, the value
function V' can scale with «, which is standard. Moreover, because V' can be “tilted”
without changing the ex-ante value of any distribution of posteriors (i.e., the contin-
uation value), we express this flexibility using the dot product A - 7 in proposition 1.

Proposition 1. Suppose - admits IC-V representation (., uy, V1), then it also admits
an IC-V representation (us,us, Vs) if and only if y11 = pe and there exist k € Ry,
A € R and a,b € R such that uy = rkuy +a and Vs (1) = kVi (1) + X - 7 + b for all
T e A(Q).

The identification of IC is affected by the inevitable non-uniqueness of the fu-
ture menu A. For instance, the inclusion of dominated acts in A will not affect
decisions. Moreover, multiplicity of optimal acts in A will induce redundancy. What

®Lipschitz continuous: there exists L > 0 such that for all 7,7’ € A(Q), |V (7)) -V (7')| <
Lir —7'|.
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can be identified, instead, is that admissible A’s must induce the same posterior
value function:

Definition 3. Given (u,u,«a, A), let the induced posterior value function V*
A(©2) —» Rbe

Vil = () s @) X sl@ul. G

94 eq yesupp(g)

Proposition 2. Suppose -, admits IC representation (u;,us, a1, A1), then it also ad-
mits an IC representation (i, us, s, As) if and only if p; = pe and there exist
k€ Riy, A € R and a,b € R such that uy = kuy +a and Vit (1) = sV (1) +X-m4+b
forallm™e A(Q).

Both identification results utilize the fact that every posterior belief is possible
can be induced because p has full support and F is the set of all acts/experiments.

4 Arrow-Debreu Information Coefficient

In general, the future menu A can involve arbitrarily many parameters. For appli-
cations and comparative statics, the most important feature of A may be a DM’s
degree of information incentive. We propose a one-dimensional measure that cap-
tures this incentive and its heterogeneity across DMs.

Assumption. Throughout Section 4, u is continuous .

4.1 Arrow-Debreu Menu

Drawing inspiration from the Arrow-Debreu asset, let a,, ,, € F be an act that pays
t; > 0 units of consumption in state w; and 0 in other states. We also normalize for
u (0) = 0. We call A an Arrow—Debreu menu if A = {a,, w,, Giyioys - Gy wy t- Given
an Arrow-Debreu menu A, we call ¢; the coefficient of information incentive for
state w;. A DM stands to gain more by choosing «,, ,,, if ¢; is greater, and a,, ., is the
optimal act if the DM is sufficiently certain that the state is w;, hence ¢; indirectly
captures the DM’s incentive to distinguish state w; from other states. If the coeffi-
cients are the same across states, i.e., t; = ¢ for all i, we say that A has a constant
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Arrow—Debreu coefficient of information incentive ¢. All else the same, a DM with
a greater . benefits more from information. Consider the following special case of
IC.

Definition 4. We say - has an Arrow-Debreu (AD) representation (u, u,¢) if it has
an IC representation (u, u,«, A) where A has a constant Arrow-Debreu coefficient
of information incentive u ™" (12w ().

When o = 0.5, the coefficient of information incentive is simply .. In general, the
consumption weight « also affects a DM’s information incentive, where a greater
« (more weight on consumption) counterbalances a greater  (more benefits from
information). Therefore, and without loss of generality, the AD representation ab-
sorbs the effect of o into ¢ so that the single parameter . captures total information

incentive.

Proposition 3. If =~ has an AD representation (u,u,t), then = is represented by
U(f) =Uc(f) +Ur(f) where

and

Z max,u flz|w). “4.1)

In particular, U; (f) (previously Equat1on 2.2) is now separable in (u,¢) and (f, i)
through a novel notion of information index I, which has intuitive properties:”

1. I(f,p) = 1if fis fully informative.
I(f, u) — 0if f is uninformative, p is uniform, and || — co.
I(f,pu) >1(g,p)if f is Blackwell more informative than g.

L(f,u) > 1L (g,p)if f is strictly Blackwell more informative than g.

If f is a constant act, then I (f, 1) reduces to

N (u) = maxu (w). 4.2)

weN

T L) = 3, mae (@) Lames = Y1) = 1 @) p(@) = & = 050 L(fap1) = 0. (3)
and (4) are due to g being the product of a Markov kernel applied to f’s signal realizations, which
weakens the values attained by max.
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A high N (u) corresponds to the situation where the DM is a priori confident about
the true state.

Information incentive, subjective risk, information premium

The constant acts p; and ¢, have the same information index I(f,u) = N(u), so
Ur(pf) = Ur(6,) = u(¢)N(u). This is despite the fact that p; may still contain
objective risk. The result is CE (py) simply solves u (CE (ps)) = Uc (py), so risk
premium RP (f) is never affected by information incentive .

The informative incentive . influences C'E (f) through information premium,
which in the AD representation simplifies to®

IP(f) =u™" (Uc (f) +u () [[(f;p) =N (W) —u™ Uc (f))- (4.3)

Note that information premium is increasing in the degree of information incentive
L, increasing in the information index I(f, u) of f, and decreasing in the DM’s ex-
ante confidence about the true state as measured by N (u), all of which are intuitive.

In the AD representation, if f is itself a constant act or the prior u is degen-
erate, then I (f, u) = N(u). Equation 4.3 then givesIP (f) = 0. Or if : = 0, then
Equation 4.3 gives IP () = 0. In other words, pure objective risk and the lack of in-
formation incentive each lead to standard SEU behavior, illustrating the discussion
in Section 2.

Proposition 4. For any given f € F, all else the same,

1. RP (f) weakly increases when u is more risk-averse,’

2. TP (f) weakly increases in
3. RP(f) > RP(g) if py is a mean-preserving spread of p,,
4. IP(f) > IP (g) if f Blackwell-dominates g and C'E (ps) = C'E (p,).

All weak notions become strict if the sufficient conditions become strict.

8By solving U; (5CE(f)) =u(z) +u() (max, p(w) = . pf () u(z)+u()I(f,u) =Ur(f) for
CE(f) =u"' (Uc (f) +u() [I(f, 1) = N ().

°As in standard, we say u is more risk averse than v if there exists a concave h : R — R such that
u=houw.
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Proof. Items 1 and 3 are well-known. Items 2 and 4 are straightforward from Equa-
tion 4.3 and the properties of I. O

The special case of risk neutrality (i.e., u () = Az, A > 0) simplifies Equation 4.3
to

IP(f) = ¢[L(f, 1) =N (p)],

which is independent of the exact prizes f sends.

4.2 Arrow-Debreu-Pratt Representation

It is much more common in applications to work with a parameterized Bernoulli
utility function like the one associated with the constant absolute risk aversion,

u,(x) =1—e",
where p is the (constant) Arrow-Pratt coefficient of absolute risk aversion.
Paired with our constant Arrow-Debreu coefficient of information incentive ¢,
we obtain a 2-parameter model given in definition 5. Clearly, the results and obser-
vations about AD representations apply.

Definition 5. We say - has an Arrow-Debreu-Pratt (ADP) representation (u, p, ¢)
if it has an AD representation (y, u,, ).

In standard expected utility, the coefficient p provides a simple estimate of an in-
dividual’s risk aversion. A higher p is always associated with a higher risk premium;
that is, the individual is willing to accept a lower sure prize (certainty equivalent)
to give up the same act, holding prior fixed. Therefore, if two individuals with the
same prior have different certainty equivalents for the same act, it must be that the
individual with a lower certainty equivalent has a greater p, i.e., is more risk averse.

This is no longer true. Rewriting Equation 2.4 with preference parameters in-
cluded (holding p fixed),

CEpn () =Ey (2) = RP,, (f) + 1Py, (f)
CEpyin (f) = Ef () = RP,, (f) +1P,,., ()

Note that CE,, ,, (f) = CE,,,, (f) can be consistent with p; > p,. In that case,
RP,, (f) > RP,, (f) but IP,,,, (f) > 1Py, ., (f).
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That is, even though individual 1 is more risk averse than individual 2, which
should lead to the willingness to accept a lower sure prize, she also benefits more
from information relative to individual 2 and therefore sacrifices more from accept-
ing a sure prize. When the two opposite forces exactly cancel each other out, her
certainty equivalent is the same as individual 2’s.

More generally, if an individual takes less risk by choosing g over f and another
individual takes more risk by choosing f over g, standard methods infer that the
former is more risk averse. What we emphasize is that the two individuals could
well have the same risk aversion p; = p, but differ in their information incentive
11 # tp. It turns out that the information index I (Equation 4.1) underpins this
indeterminacy.

Let (., denote the preference under an ADP representation (u,p,:) and
>(upy) its asymmetric component (strict preference). Recall that 2, ,0) reduces
to standard SEU.

Proposition 5. Suppose

g >_(}L,p1,0) f f >_(#»P270) g

for some p; > py. There exist p and 1, < 1 such that

9 >_(M757L1) f f >_(/L,ﬁ,L2) 9

if and only if I (f, 1) > I (g, p).

Joint identification of parameters

proposition 5 highlights potential indeterminacy in preference parameters when an
act has both greater aggregate risk and a greater information index. Joint identifi-
cation is still possible; just not with these acts. Counter-intuitively at first, using acts
that do not “dominate” one another does not necessarily provide identification, be-
cause different combinations of risk aversion and information incentive can cancel
each other out.

Joint identification of p and « can be achieved by carefully separating objective
risk and subjective risk. In what follows, we compare two constant acts to identify
p, compare two acts with the same degree of information to identify x, and compare
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a fully informative act with a constant act to identify ..
Recall that constant acts have an information premium of 0. Therefore, if g is
a non-degenerate constant act and the elicited certainty equivalent is z, then p*
simply solves E,, (u, (z)) = u, (g), where p, = g (w) is independent of the prior.
Next, suppose x1, xs > 0 and the DM is found indifferent between h and h..

h x o h, 2z 0
wy | 1 0 wi |1 0
w2 0 1 [03)) 0 1

Since both are fully informative (I (h, ) = I (h,/, n) = 1), u* uniquely solves

W @) e (o) + (1 i (@0)) e () = g (@1) e ().

If there are more than two states, a workaround that maintains I (h, u) = I (h,/, p)
is to assign a third distinct prize to both i and h.. for every other state. This
identifies y (w2) /1 (wq). The procedure can be repeated for every u (w;) /i (wy) to
eventually identify ;.'°

Finally, let f be a fully informative act and suppose its elicited certainty equiva-
lent is z”, then (* uniquely solves

Uy (2") +up ()N (p*) = Ep, (upr () 4 upe (¢) T(f, 17)

(proposition 3) where I (f, u) = 1 because f is fully informative and p; is the lottery
reduction of f under p*.

5 Conclusion

The focus of this paper is the inference of a DM’s subjective future menu, which en-
tails the DM’s perception of future problems and the need to sacrifice consumption
today for information tomorrow.

Our axiomatic characterization exploits the behavioral signatures of a DM’s
preferences over Anscombe—Aumann acts—which yield objective information upon

OFor instance if Q = {wi,ws, w3, ws}, then h(wz) = hy (w3) = h(wy) = hy (wg) = 6y, SO

L(h, p) = p(wi) + p (w2) + maXge oy 0y} # (@) and T (her, p) = p(wi) 4 p(w2) + MaXge {0y wq} 1 (@),
so we are back to Uy (h) = Uy (h,).
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the resolution of uncertainty—to model this consumption-information trade-off.
We introduce several analytical tools to study information incentives, including a
novel notion of an information premium (analogous to a risk premium) and a two-
parameter ADP parameterization that independently captures risk aversion and in-
formation incentives.

From an alternative perspective, the model can be interpreted as a framework
for information acquisition with a consumption cost. This forgone consumption
utility provides a microfoundation for why information is inherently costly. In
ongoing work, we explore an extension of this model where—because consump-
tion derives from expected utility and beliefs converge more slowly toward the
extremes—pairing a linear consumption loss with diminishing information gains
naturally gives rise to convex information costs.
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A Appendix: Proofs

A.1 Proof of Theorem 1

The “if” direction is straightforward except possibly for Axiom 3.3: Suppose that =~
admits an IC-V representation (u,u, V). Denote the aggregate probability of x € X
under f € F by ps(z) = > cqi(w)f(r|w). Fix any two acts f,g € F and
a € (0,1). Let h := af + (1 — «)g. For any = € supp (h) and any w € ), since
fran (W) = HMED) and b (2| w) = af (x| w) + (1 —a) g (z | w), we have

pr(z)
p(w) [af (zlw) + (1 — a)g (z|w)]
Hai () pn (x)
_opp (@) pw) flalw) (1= a)py (@) p(w) g (lw)
pu(z)  ps() pn () Py ()
apy (z) (1 —a)p, (z)

= ph—(a:)ﬂz’f (w) + Wﬂw,g (w).

It can be checked that

oy (@) (1= a)p, (2) _ Tucap@)[af (@ |w)+ (1= a)g(ale)] _ |

@ T @ S ool @) F(x [ 2)

Since V' is convex, Jensen’s inequality gives

apy (x)

pn ()

Multiplying by p;, (x) and summing over x € supp (h) gives

(1 —a)p, (z)
pn ()

V (pan) < (Vo s) + V (fayg) -

Yo @)V en)Sa Y pr @V i) F(1=a) D py(@)V (hay)-

xesupp(h) xesupp(f) xesupp(g)

And utility is Ux (h) = aUes (f) + (1 — @) Uc (g) due to SEU. Therefore, we have
U(h)<aU(f)+ (1 —a)U/ (g) as desired.

We also remark that Continuity in Axiom 3 is due to both U, and V are contin-
uous (in conditional probabilities of acts).

We prove “only if” next.
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Step 0: Notation and objects

For any f € F, we say that f* € F is a spitting of prize x € supp (f) if f; can be
obtained through the following operation: There is a set of lotteries {pl, ey p{g}}
satisfying supp (p;) N supp (f) = 0 for all 4, supp (p;) N supp (p;) = 0 for all i, j, and
p; ~ x for all 7, such that

fr(z|w) = f(z|w)pi(z) =z € supp(p) |

In words, f} is obtained by assigning a non-overlapping state-dependent lottery
replacement of prize x in f. Given f € F and = € X, Let

F(f,z)

be the set of all f. Note that F* (f,x) # () because supp (f) is finite and X = R.
Moreover, note that if f, is such that for some w; € Q we have f, (w;) > 0 and
fz (w;) = 0 for all w; € O\ {w;}, then f € F*(f,x). For any z, f* € F*(f,z), and
fxe F*(f,x), wesay (fx, ) involve common splits if their operations involve the
same {pi,...,pn}. If o ¢ supp (f), then let I (f,z) = {f}.

For any f € F, define f; € F as follows: Turn supp(f) into an ordered set
{z1,...,2y} C X. For the first prize z, pick f! from F*(f,z;). If M > 1, then
for the second prize z,, pick f? from F* (f! x,) satisfying supp (f?) N {z:} = 0.
If M > 2, iterate this process for each other i to obtain f3, ..., fM, each satisfying
supp (f%) N {x1,...,x;_1} = 0, which is possible at every step because supp (f*) is
finite and X = R. Finally, let f; == f. In general, f; is not unique (given f)
because the process of picking f!, f2, ... involve freedom. Let

" (f)

denote the set of all f;. Note that I* (f) # () because supp (f) is finite and X = R.

If an act f € F is such that for any = € supp (I), there exists w; € € such that
f(z|w;)>0and f(z|w;) =0 for all w; # w;, then we call it a (fully) informative
act. Let F; denote the set of all informative acts, and its typical element is denoted
by I. Clearly, I* (f) C F; for all f.
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If an act f € F is such that for all w; € Q, f (z; | w;) = 1 for some z; € X, and
x; # x; for all i # j, then we call it a simple act. Let Fg denote the set of all simple
acts, and its typical element is denoted by f*. Clearly, Fs C F;.

Let F» C F denote the set of constant acts. Let Fx C F denote the set of
degenerate constant acts.

Step 1: Construction of U and its properties

Lemma 1. If f > g and f, x g, for all x € supp (f), then af + (1 —a)g > Bf +
(1 —=p)gforalla,p € 0,1] such that a > f.

Proof. Fix qualifying f,g,a,3. By Axiom 3.1, kf + (1 —k)g > kg + (1 —k)g for
k= %, then since (kf + (1 — k) g), < f, for any € supp (f), by Axiom 3.1 again,

af +(1—a)g=0f+A=0)(kf+(1—-k)g) = Bf+(1=5)g. 0

Claim 1. For any f € F, there exist a degenerate prize J, € F and a simple act
g € Fssuchthatg = f = 6,.

Proof. Fix f € F. We first show there exists a degenerate prize §, € F such that
f 72 d,. Let x be min, supp (f). We iteratively replacing other prizes in the support
of f with prize x using the following process. Pick y; € supp (f)\{z}. Let f! = fy,z.
Therefore, by prize independence, since y =~ =, we have f >~ f!. Pick y, € supp (f!)\
{z} and let f? = fly,x. Since y, == z, then by prize independence we have f! = f2.
By iteratively generating f?, we finally have f¥ = §,, where N = |supp(f)| — 1.
Then f = f' = f? = ... = fN. Therefore f = 6,.

We next show there exist a simple act ¢ € Fs such that ¢ = f. Let
F(f) = {heF :YweQ 3z ecsupp(f(w))s.t. h(x|lw)=1}. Then there exists a
convex combination over F (f) equivalent to f. Denote this convex combination by
> sicr(s) @if’s where a; > 0,37 a; = 1. For every i € |F(f)|, pick a simple actf;
such that f: N f/ = () for any j # ¢ and for any « € supp(f!), 4, = ¢, for all
y € supp (f). We can do the combination of simple acts because the prize space is

a real line. Denote >_,_ z aifi as h. Notice that % is an informative act. We can

i€ F(
obtain » ;i (s @i f* from h by the following process. For every i € |F (f) |, replace
[ (w) with f*(w) for any w € Q. And since f! (w) 7 f*(w) for any w € €, by prize
independence we have h 7~ > rieF() G fi i.e., h = f. Then, there exists a simple act

g € Fgs such that for any x € supp(g), 77 y for any y € supp (h). By Axiom 3.1, we
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have g (w) 7 h (w) for any w € 2. Then by iteratively replacing g (w;) with h (w;) for
every i € ||, we can obtain A from g. Therefore, by Axiom 3.2, since g (w) 77 h (w)
for any w € Q, we have g ~ h. Therefore, g =~ h - f. O

Lemma 2. There exists a utility function U : F — R such that the following hold:
1. Forany f,g € F, f 7 gifand only if U (f) > U (g).

2. For any f,g € F such that f, « g, for any x € supp (f), U (af + (1 —a)g) =
aU (f)+ (1 —a)U (g) foralla € [0,1].

3. If supp (f) Nsupp (9) = 0, then U (af + (1 —a)g) = aU (f) + (1 —a) U (g) for
alla € [0,1].

Proof. Notice that Axiom 3.1 includes the standard independence axiom on con-
stant acts, thatis, p - ¢ < ap+ (1 —a)r 2 ag + (1 —a)r for all constant acts
p,q,r € Fp and a € [0, 1]. Fix constant, degenerate acts dy, oy € F such that d, > Jo,
there exists a utility function U : A (X) — R such that U (§) = 0, U (§) = 1, and
for any p,q € Fp, U (ap+ (1 —a)q) = aU (p) + (1 — a) U (q).

Define f g if f, g, for any = € supp (f). Let

Foo:={f 0 f Z 00, f o<y, focdo}.

For every f € F;,, Continuity in Axiom 3 and lemma 1 together guarantee a unique
number \; € [0, 1] such that Asd, + (1 — Af) dp ~ f; set Uy (f) = As. Note that for
all f,g € Fp0, Weak Order in Axiom 3 gives f - g < Uy (f) > Uy (g). Note also that
Uo (60) = U (69) = 0 and Uy (6,) = U (6) = 1, s0 Uy (p) = U (p) for any p € Fp N Fyy.
We have constructed Uy : F,o — R.

Next, consider any f, g € Fpo such that f « g. We show that for any a € [0, 1],
Up(af+(1—a)g) =aUy(f)+ (1 —a)Uy(g)-

Since f,g € F,o implies f,g 77 dp, Axiom 3.1 gives af + (1 —a)g ZZ ady +
(1—-a)gand ady + (1 —a)g 7 ady + (1 — a) &y, then Weak Order in Axiom 3 gives
af4+(1 —a)g z d. Similarly, 6, =~ f,gleadsto dy - af+(1 —a)g. Soaf+(1 —a)g €
Fro-

Fixany f, g € Fyo. By Uy’s definition, Uy (f) 0p+(1 — Uy (f)) do ~ f and Uy (g) dp+
(1-Uy(g))do ~ g. Since we have f, o (d),, f. x p., and f, x (&), for all

28



z € supp (f), multiple applications of Axiom 3.1 give

af +(1—a)g
~af+(1—a)(Us(g)d + (1 —Us(g)) )
~alUo (f) 0+ (1= Uy (f)) o] + (1 —a)[Us(g) s+ (1 —Us(g)) o]

for all a € [0, 1]. Note that the last line is constant act, on which the affine property
of Uy has already been established (when U was defined), so

Uo(af +(1—a)g)

= Uo (a[Uos (f) 6 + (1 = Uo (f)) do] + (1 — @) [Uo (g9) & + (1 — Us (9)) do))
= alo (Uo (f) 6+ (1 = Uo (f)) o) + (1 — a) Uy (Up (9) 0 + (1 — Uo (9)) do)
=aly (f) + (1 —a)Us (9)

for all a € [0, 1].
We have established the two properties in lemma 2 on U, : Fy — R. Next we
extend these properties to all of F. Let

Frg={heF:fi=h>g,fixh, g xh}.

For every i € N, pick f; € Fs and g; € Fx such that the following conditions hold:
(1) {0p, 00} N (supp (f;) Usupp (g;)) =D foralli e N, (2) f; = fi1 > gi1 > g; for
all i € N;. By claim 1, for any h € F, there exists k € N such that h € Fy, ,,.

Fix any ¢ € N,. For every h € Fy,,, Continuity in Axiom 3 and lemma 1
together guarantee a unique number )\, € [0,1] such that A\;f; + (1 — Af) g; ~ h;
set U (h) = A,. Note that using the same line of arguments as before, U (f) >
Ui (g9) & fzgforall f,g € Fyy,and U; (af + (1 —a)g) = aU; (f) + (1 —a) Ui (g)
for all f,g € Fy, 4, and a € [0, 1]. Let U; be a positive affine transformation of U; so
that U; (6,) = 1 and U; (09) = 0. For later, we observe that for any degenerate prize
6z € Fy, 4, we have U; (6,) = U (4,) for every i € N,.

Fix any h € Fy 4 N Fy 4. Fix x,y € X such that 6, > 9, {d,,0,} C
(Ff..00 N Fy,g;)» and supp (h) N {z,y} = 0; their existence is guaranteed because
Fs,00 C Fr.q and F;, 5, contains uncountably many elements of X. By lemma 1
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and Continuity in Axiom 3, there are three possible cases:

0y Zh 72 6y, h ~ad, + (1 —a)dy,
Oy = 0y 7= h, 0y ~ ady + (1 —a)h,
h 7 0y = 0y, 05 ~ ah + (1 — a) 0y,

where a € [0, 1] is unique. Since we have established that for all £ € N, Uy, represent
preference on Fy, , and Uy has affine structure for any f, g € Fy, 4, such that f « g,
then, for each the above possibilities, we have for k € {i, j},

respectively. Since Uy, (6,) = Uy (9,) and Uy (6,) = Uy (6,) for all k € N, so U; (h) =
U; (h) regardless of which of the three possible cases is true.

Finally, let U : 7 — R be the common value of U;. Assured by the above
arguments, U is well-defined. Fix any f,g € F, note that there exists Fy, , such
that f, g € Fy, ,,. Note that

Ulf)=Ui(f)zUi(9) =U(9) = fZ 9,

so have shown property 1 in lemma 2. Moreover, if f, « g, for all z € supp (f),
then

Ulaf +(1—a)g)=Ui(af + (1 —a)g)=alU;(f)+(1 —a)Ui(g9) = aU (f)+(L —a) U (g)

for all a € [0, 1], so we have shown property 2 in lemma 2. Property 3 in lemma 2
is simply because supp (f) Nsupp (¢g) = 0 implies f, x g, for any = € supp (f). O
Claim 2. For any f € F and [}, f¥' € F*(f,x), U (f) =U(fY).

Proof. This is straightforward by multiple applications of Axiom 3.2. O
Claim 3. For any f € F and f}, f;' € I* (f), U (f}) = U (f}')-

Proof. By applying claim 2 iteratively. O]
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Step 2: Construction of v bar and its properties

Let the function @ : [0,1]" — R satisfy

v (fe) =U(f7) = U(f)

where f* € F*(f,z) (defined in Subsection A.1). Note that v (0) = 0 because
f= = 0 implies = ¢ supp (f), which implies F* (f,z) = {f} by definition. Moreover,
note that if f, is such that for some w;, € Q, f, (w;) > 0 and f; (w;) = 0 for all
w; € N\ {w;}, then f € F*(f,z),s0ov(f,)=0.

Claim 4. v is well-defined.

Proof. For any f € F and z € supp(f), let

Fl(f»x) = {hej::h:c:fzahy:]-N_fa:aEIy#x}
Fo(fix)={heF :h,=fo,hy=1x— fp,32,2" € X}.

To show that v (f,) is well-defined, we need to establish two statements.

1. For any f € F and x € supp(f), if h € Fi(f,x), then U (f¥) — U(f) =
U (h;) — U(h).

2. Forany f € F,x € supp(f),and h € F5(f,x),if h, = f,, then U (f¥)-U(f) =
U (h:) —U(h).

To prove statement 1, fix any f € F and = € supp(f). Consider any h €
Fi (f,z) such that supp(f)nsupp(h) = {z}. Fix any h: € F*(h,x) such that
supp(f)Nsupp(hi) = {z} and (f}, h%) involve common splits (Subsection A.1). By
definition of split, § i + 1h = 1k + 5 f. Since (f}), « h. for all z € supp(h) and

(h%), o f, for all z € supp(f), so lemma 2 gives the first and last equalities in

s Lo — o (L b~ (s 1) = Lo L
3+ 50 ) =0 (344 30) =0 (34 36) = 30+ 50 ().

So we have U (f}) — U(f) = U (hl) — U(h). Fix one such h, which exists be-
cause supp(f) is finite and X = R. Consider any ' € F;(f,z) such that
supp(f)Nsupp(h’) = {x, z} for some z € X and supp(h)Nsupp(h’) = {«}. Consider
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hi € F*(h,z) and h)f € F*(h',x) such that (h}, h)*) involve common splits. Then

)

we have L1 + 1h = $h% + 3/, and therefore

U(f;)=U(f)=U(hy) —Uh) =U (hy) = U(K)
using a similar argument as before. Note that every act in ; (f, x) has a support of
at most size two, so we have covered all of F; (f, z).

To prove statement 2, fix any f, € F such that x € supp(fy). Pick f € F (fo, )
such that f, = (fy), and supp (f) = {z,z}. Consider any h € F; (fo,z) such that
hy = f, for some y # z and h, = f.. Let h .= 1f + 1h, then b} = 1f: + Lh
and h} = jh; + 3f. Consider the constant act p; € Fp such that p; ~ J, and
supp(h) Nsupp(p1) = 0. Let hyy = hy,xp;. Consider p, € Fp such that p, ~ 4,
and supp(h,1) Nsupp(p2) = 0. Let p, replace = under w; in h,;, denote the new act
Ra1w,2p2 DY hao. Iterate the process on h,;. Finally we get the ultimate generated
act h,y using some p, ...p, in this process, and h* = h,y. Consider q; € Fp such
that ¢; ~ 6, and supp(h) Nsupp(g;) = . Conduct the same process on Ay, yg;. In
the end we get the ultimate generated act h,y; note that A} = h,y. By iteratively
applying Axiom 3.2 in the process of generating h,y and h,y , we have h} ~ hy.
Therefore, 5 f7 +3h ~ 5hi+ 3 f. Since f; o h, for any z € supp (h) and f « h;_for
any z € supp (f), using lemma 2, we get U (f2) — U(f) = U (h;) — U(h). Consider
any h' € F, (fo, z) such that supp (#') = {y, 2'}, h;, = hy, and b, = h.. So

U((f5),) = Ufo) =U(f2) =U(f) =U (hy) —U(h) = U (hy) = U(K)

where the first and last equalities are due to statement 1.

Claim 5. Forany f € Fand f; € I* (f), >, v (f.) = U (ff) = U (f).

Proof. For any f € F and f; € I*(f), record {z1,...,xp} C X and f!, f2,..., f™
from the definition (construction) of f;. Let f° .= fand f; = f'. If M > 1,
for every i > 1, pick a f; € F*(f, ;) such that (f;,f") involve common splits
(Subsection A.1). By definition, {f + 3f* = 5 + 5" Foranyi € {1,..., M},
since f, o< f, for any y € supp (f) and (f;)y o fi~! for any y € supp (f), lemma 2
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gives the first and last equalities in

1 1 (A 1 li_ 1* lifl _1 * l i—1
U+ 50 (1) =0 (564 5) =0 (354557 ) =30 () + 50 (7).
Rearranging gives U (f2) — U (f) = U (f") = U (f") for all i € {1, ..., M}. Finally,

dooulf)= > UMW) -UW

zesupp(f) zesupp(f)
= > () - U) =0 ) - U ()
i=1,...M
=U(f7)=U(f)
as desired. O

Claim 6. For any f, € [0,1]", if kf, € [0,1)"for k > 0, then © (kf,) = ko (f,). Also,
v(-)>0.

Proof. To show that v is homogeneous of degree 1, we focus on binary state space
(N = 2) for ease of exposition. The proof works for any finite state space. Fix
(a,b), (ka, kb) € [0,1]" where k > 0. Consider the following acts:

f =z Y z g x Y z h z

wi|la 1—a 0 wi | ka 1—ka 0 w1 0
W9 b 0 1-5b W9 kb 0 1—kb wWa 1

Note that for any i € supp(f), we have f; o h;. Note also that ¢ = kf +
(1—k)h and g& = kf + (1 —k)h. Then by lemma 2, v(g,) = U(g:) — U (9)=
Ukfy + (1 =k)h) =Ul(g)= kU (f7) + A =k)U(h) = U (kf + (1 — k) h)= kv (fs)-
So v (kf,) = kv (f.) as desired.

To show that v(-) > 0, we need to show f; = f forall f € F and f; €
F*(f,y). Suppose y ¢ supp(f), then it is already established that v (f,) = 0.
Suppose from now on y € supp(f). We focus on binary state space (N = 2)

<

(e

for ease of exposition. The proof works for any finite state space. Suppose
ar+(l—a)z~da'+(1—d)z ~a"z"+(1 —a") 2" ~ yfordistinct x, z, 2/, 2/, ", 2"
and {z,z,2/, 2", 2", 2"} Nnsupp(f) = 0. Pick any g € F* (f,y) where the split uses
ar + (1 — a) z to replace y under w; and uses a’z’ + (1 — a’) 2’ replaces y under ws.
Let go € F* (f,y) where the split uses o'’ + (1 — a’) 2’ to replace y under w; and uses
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a’z” + (1 —a”) 2" to replace y under w,. Then by repeatedly applying Axiom 3.2,
we have g; ~ go. Let g3 € F* (f,y) where the split uses a’2’ 4+ (1 — d’) 2’ to replace y
under w; and uses ax + (1 — a) z to replace y under w,. Then by Axiom 3.2, g2 ~ g3,
then g; ~ g3. By Axiom 3.2, 1¢; + g5 ~ f. Axiom 3.3 implies g; 7% 21 + 395 ~ f.
Note that claim 2 gives U (f;) = U (g1), which gives f; ~ g1, and so f; == f by weak
order.

O

Claim 7. v is concave.

Proof. Fix any r,s € [0,1]", we need to show @ (ar+ (1 —a)s) > av(r) +
(1—a)v(s). Pick f,g € F such that f, = r, g. = s, and supp(f)Nsupp(g) = {z}.
Let h :=af + (1 — a) g; clearly,

hy =af, + (1 —a)g.. (A.D)

Pick f; € I* (f) and g7 € I* (g) such that supp(f;) Nsupp(g;) = 0, so lemma 2 gives
the second equality in

U(hy) =Ulafi + (1 —a)gr) = aU (f7) + (1 —a) Ulgr), (A.2)

where b € I* (h) and the first equality is due to hj = af; + (1 — a) gj. Observe that

Ulaf +(1—a)g) <aU(f)+(1=a)U(g)
[U ()] = [U(af + (1 =a)g)] = [aU (f7) + (1 = a) U (gp)] — [aU (f) + (1 = a) U (g)]
U(hy) =U(h) 2 alU(f7) =U(N)]+ QA —a)[U(g;) —Ulg)]
Y v(h)>a U(f)+(1—a) > v(g) (A.3)
zesupp(h) z€esupp(f) =/ €supp(g)
U(he) 2 av (fa) + (1 —a) 0(ga), (A4

where the first line is given by Axiom 3.3; the second line is by multiplying (—1) and
adding the LHS and RHS of Equation A.2; the third line replaces h = af + (1 —a) g
and rearranges; the fourth line is by claim 5. To arrive at the last line, observe that
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for all z € supp (h) \ {x}, either =z € supp (f) or supp (¢g) (and not both), so

vl(af,) =av (f, if 2
b = 0o+ (1 -y =\ m e ecswR (),
P((1-a)g) = (1~ )3 (0.) it = € supp (g

where claim 6 is used, resulting in cancellations on both sides of Equation A.3 that
yield the last line. So Equation A.1 implies Equation A.4, as desired. O

Lemma 3. There exist v : F x$ — RU{—oco} and A C F such that for any r € [0,1]",

v(r) = Z r(w) [supv (9, w)] — sup [Z r(w)v (g, w)] :

we geA 9eA | wen

Proof. We have v(-) > 0 due to claim 6and concave due to claim 7. By claim 6,
for any € [0,1]", we have 7 (r) = [3 .7 (w)] 7 (F), where 7 (w) = %
Therefore, we can define ¢ : A (©2) — R such that ¢ (7) = v (7) for any 7 € A (Q),
then ¢ is concave and © > 0. By the definition of v, v (¢) = © (¢) = 0 for degenerate
q € A(Q), i.e., there exists one w € 2 such that ¢ (w) = 1. By Proposition 15 in
Annie Liang’s lecture notes entitled Information and Learning in Economic Theory
(which references Frankel and Kamenica (2019)), there exist a set A C F and a
function v : A x © — R U {—o0} such that 7 (q) = > .o ¢ (w) [supg@;v(g,w)] -
SUPye i [Yoweq @ (W) v (g,w)]. Extend v’s domain to F by setting v (f,w) = 0 for any
f € F\ Aand any w € ). Therefore,

= Z r(w) [supv (Q,W)] —sup [Z r(w)v (9»00)] :
weQ geA 9€A | weq
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Step 3: Construction of U; and U from U

For all f € F, define

U (f) = Z SuPZf(:Hw)v(g,w) (A.5)
zesupp(f) 9€4 wen
U (f)=U(f)=Ur(f). (A.6)
Let
n=max Y v(Gw) & =) maxv(jw).
9€4 ea wen 94

Claim 8. For any p € Fp, U; (p) = m. For any I € Fj, U; (f) = .

Proof. For any constant act p € F, U; (p) = > wesupp(f) MG i D ueq P () [V (G, w)] =
> vesupp(p) P (T) maxze 137 cq [v(g,w)] = 1- 7. For any informative act I € F,
for each w € ), denote by X, C X the set of prizes that occur with positive
probability under w. Then U; (I) = > vesupp(f) MAXge i D e ! (2fw) [v (g, w)] =
D weq 2azex, Maxge i I (2lw) [v (g, W)= Xeqpex, I (Flw)maxe 5 [v(g,w)] =
2wen L maxge i [v (9, w)] = 7. O

Claim 9. For any p,q € Fp, p ~ q implies Ux (p) = Uc (q). Forany f,g € F, f ~g
implies Uc (f) = Uc (9)-

Proof. The immediate consequences of lemma 2, claim 8, and Equation A.6. O

Step 4: State-dependent utility u

Pick N distinct prizes to form an enumerated set of benchmark prizes B =
{b1,....,bx} C X. Let Fp = {f € F:supp(f)N B =0}. Consider the benchmark
act fo € F such that fy(b; |w;) = 1 for all i € {1,...,N}. For any x € X \ B
and w; € €, denote by f, ., the statewise simple act satisfying f (z | w;) = 1 and
f(bjlw;)=1forall j € {1,...,N}\{i}. Forany x € X \ B and w; € (, let

N -1 1

u(r,w;) =U(fow)— ——U(fo) = N2

N (A.7)

Claim 10. For any simple act f* € FsNFg, Uc (f*) = X cq D oesupp(p) f* (2 | w0) U (2,w).
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Proof. Take a qualifying f* and denote the prize it yields in state w; (with probability
1) by ;. Observe for later that @ (z;,w;) = 1 a(x;,w;) = f*(x; | wi) (25, w;) =
Because f* « f, and supp (fs, ;) N supp ( ij,wj) = () for all distinct ¢, j, lemma 2

gives
N -1 1

1 S —
N+ =5 D Ul (A.8)

----------

75, which can be used to simplify Equation A.8 into U (f*) — U;(f*) =
Zie{l N}a(xivwi) = Zweﬂ Zzesupp(f) f*(z|w)u(z,w), where Ur (f*) = 72 due

.....

to claim 8 and the second equality is due to an earlier observation in the proof.
Since Uc (%) = U (f*) — U; (f*) (by Equation A.6), we are done. O

Claim 11. For any informative act I € FiNFp, Uc (1) = 3_ 0 D oesuppny L (2 | w) U (z,w).

Proof. For any informative act I € F; N Fp, define its corresponding simple act set
SU)={f"e FsNFp: f*(w;) €supp (f (w;)),Vie{l,..,N}}.

Observe that I is a convex combination of the acts in S (/), i.e., I = ®esyasf
where ay € [0,1] for all f € S(I) and } g, ar = 1. Since f o g forany f,g €
S(I), by lemma 2, we have U (I) = gy asU (f). claim 8 gives U; (f) = U ()
forall f € S(I),s0Uc (1) =3 e arUc (f). Finally,

Uc(D)= Y aUc(f)= Y D D aflz|wi(zw)

fes() JES(I) zEsupp(f) we

= Z Z[(z|w)ﬂ(z,w),

zesupp(l) wef2
where the second equality is from claim 10 and the third equality is due to
I(z|w) =3 ey arf (x| w) for any € supp (f) and w € 0. O
Step 5: State-independent utility «

Claim 12. There exists u : X — R such that Uc (p) = >__cqpp( U (2) p (2) for all
constant act p € Fp.
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Proof. By the definition of Uy, U; (p) = 3. [max; s u(§,w)] for all p € Fp. By
lemma 2, U is affine on the set of all constant acts Fp, then U (p) = U (p) — U; (p)
is affine on Fp. It is well-known that there exists v : X — R such that Uq (p) =
> cesupp(p) U (2) p (2) for all p € Fp. Note that u (z) = Uc (4,) for all z € X. O

Claim 13. For any w € (2, there exist a, > 0 and 7, € R such that u(z,w) =
ayu(z)+n, forall z € X\ B.

Proof. Fix anyw € Q. Fixany z € X \ B. Suppose ¢, > ¢, > 0, for some =,y € X\B.
By Continuity in Axiom 3, there exists a € (0, 1) such that ad, + (1 —a)d, ~ 6., let
q = ad, + (1 —a)d,. Fix a simple act f* € Fs N Fp such that f*(w) = z and
{04,0,} Nsupp (f*) = 0. The existence of f* is guaranteed by |X\B| = oo and
2] < co. and Axiom 3.2 gives f*zq ~ f*, then lemma 2 gives U (f*zq) = U (f*).
Consider f; € Fs N Fp where f; (w) = x and f; (W) = f*(«') for all W’ € Q\ {w}.
Consider f, € Fs N Fp where f; (w) = y and f» (W) = f* (') for all W' € Q\ {w}.
Then f; < f; and f*zq = af; + (1 — a) fo. lemma 2 gives aU (f1) + (1 —a) U (fa) =
U (f*zq) = U (f*). Due to U; (f*) = U; (f1) = U; (f2) (claim 8), we have alU¢ (f1) +
(1 —a)Uc (f2) = Uc (f?). By claim 10, after simplification, we obtain

at (z,w)+ (1 —a)u(y,w) =u(z,w). (A.9)
Since ¢ ~ z, claim 9 gives U¢ (¢) = Uc (2). claim 12 then gives
au(z) + (1 —a)u(y) =u(z). (A.10)

Therefore, Equation A.9 and Equation A.10 hold for any z,y,z € X \ B such that
dy > 0, > 9, (with (z,y, z)-dependent a). If u (', w) = u (y',w) for all 2,y € X\B,
then let a,, = 0 and find 7,, € R such that @ (2/,w) = a,u (2') +n, for all 2’ € X \ B.
Ifu(2',w) # u(y,w) for some 2/, y' € X\ B, then there exist a,, > 0 and 7,, € R such
that @ (2, w) = a,u (') +n, forall 2’ € X \ B. O

Claim 14. a,, > O for all w € Q.

Proof. Fix any w € (. In the last part of proof of claim 13, a, = 0 only if
(2, w) = u(y,w) for all 2/,y € X\B. Take any distinct 2/, € X\B. From
the definition of u (Equation A.7), @ (2',w) = @ (y',w) only if U (forw) = U (fyw)-
By lemma 2, this means f,/,, ~ f,/... Suppose without loss of generality that 2’ > v/,
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then Monotonicity in Axiom 3 gives 2’ > y/, then Axiom 3.2 gives f, , > fy ., @
contradiction. O

Claim 15. If {a, } ., and {n.} ., satisfy @ (z,w) = a,u (2) + 1, for all z € X\ B and
we,then)  a,=1land ) 7,=0

Proof. For any degenerate constant act x € Fx, consider the split x} € F; N Fp
such that for each w; € €, x is replaced by ¢; € Fp N Fp where ¢; ~ x, and
supp (¢;) N supp (¢x) = 0 for any distinct j, k. The existence of z} is guaranteed by
the space X, Monotonicity (in Axiom 3), and Continuity (in Axiom 3). Note that
claim 9 gives Ue (¢;) = Uc (0,) for all ¢;. By claim 10,

Ucla)= Y a(2)ulz)=u(@)="Uc(b).

ze€supp(qi)

Meanwhile, since 7 is an informative act, using claim 11, we have

Z Z 7 (2| wi)u(z,w;) Z Z qi (z)u(z,w;)

w; €82 zesupp(pr) w; €S2 z€supp(g;)
- Z Z qZ awv ) + nwz) - Z (awiu (x) + nwv)
w; €82 zesupp(g;) w; €9
=u(z) ) au+ Y M
wiGQ w¢€Q

Moreover, from claim 5 and lemma 3,

where the third equality uses claim 8 and the fourth equality is by definition (Equa-
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tion A.6). Therefore,

x)‘Z“w"" ZU% =Uc (27) = Uc (6:) = u(2),

w,L'EQ wiGQ

and this holds for any = € X. By Monotonicity in Axiom 3, there exist z,y € X such
that u (z) # u (y). So Y _a,=1and > 7, =0. O

Let
w(w) = a, (A.11)

for all w € Q. Then for any z € X \ B, u(z) = w(x) - Y., cqluw, + Doucqllo =
ZwEQ (CE CU)

Step 6: Demonstrating that U. is SEU

Definition 6. Given any ¢ € A (Q2) and ¢ : X — R, define the function SEU, , :

F — R by
SEUye (f) =) ¢(w) >  flzlw)é(x).

we2 z€supp(f)

We want to show Us = SEU,,, (recall that Uq is defined in Equation A.6, u is
from claim 12, and p is from Equation A.11).

Claim 16. For any informative act [ € F;, Uo (I) = SEU,,, (I).

Proof. For any informative act I € Fp, by claim 11 and claim 15,

Z le|w Z Z]Z|w u(z) + 1)

z€supp(l) we zesupp(l) weR

:Z,uw Z I(z|w)u(z).
wen zesupp(1)
For any simple act f* € Fs\ Fp, pickq; € A (X \ B) foreach: € {1,..., N} such that
¢ ~ [*(w;), supp (¢;) Nsupp (f*) = 0, and supp (¢;) N supp (¢;) = 0 for distinct 7, j.
From ¢; ~ f* (w;), claim 9 gives Uc (¢:) = Uc (f* (wi)), thus 3 cuone @ (@) u () =
u (f* (w;)). Iteratively use ¢; € A (X \ B) to replace f* (w;) for each w; € Q2. Denote
the resulting act by f*, note that f* € F; N Fp. By multiple uses of Axiom 3.2,
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f*~ f*, so claim 9 gives Uc (f*) = U (f*). Then,

Uo(f)=Uc(f) =) _nw > I(z|lwu(z)

weN zesupp([])
) Y alut) = Yuu(r )
weN xesupp(q;) we

Since every informative act / € F; \ Fp is equal to a convex combination of the
simple acts in S (I), then by the same argument in claim 11, we have Uq (1) =

ZweQ H (w> Zzesupp(l) I (Z | w) u (Z) [
Lemma 4. For any act f € F, Uc (f) = SEU,. (f).

Proof. claim 12 has proved the case for constant acts and claim 16 has proved the
case for informative acts. Fix any other f € F, generate a f; € I* (f) and denote
the lottery replacement of z € supp (f (w;)) under w; € Q by ¢7 € A(X). For all
i€{l,..,N}and z € supp (f (w;)), recall from the definition of f; that ¢7 ~ z, so
claim 9 gives Uc (¢7) = Uc (9.), and claim 12 further gives ) | u(zr) =
u (z). Therefore,

zesupp(q;) g (v)

Uc(N)=Uc(f)=>_nw >  filz|lwu(z)

weN ZESUPP(f;)
“u) 3 el { )3 qf(:v)u(:v)]
we zesupp(f x€supp(q;)
=S uw) Y fz|w (2) = SEU,. (f).
weN zesupp(f

where the first equality is obtained from rearranging claim 5 for U (f) — U; (f) =
U (f;) — U; (f;) and using the definition of Us (Equation A.6); the second equality
is due to f; € F; and claim 16; the third equality is by the definition of f;; and the
fourth equality is established earlier in the proof. O
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Step 7: Deriving V

Recall that p has full support by claim 14, so dividing by i (w) is well-defined. From
lemma 3 we get

Ur(f)= Y. swpd flz|wv(jw)

zesupp(f) 9€4 wen
_ |:Zw eq (W ') | @) p(w)
= sup 0
acEsupp(f) gEA weN Z 'eq) II"L | (w)

/(@
[
=Y YW Wsup[ fla]w) (@)

wegu V7 &) )

} (& | )0 (3,)

zesupp(f) w' e geA
= D> D oW f(z|wsw [Z/%f ] (A.12)
xesupp(f) weQ 9€A [wen
Let
v(g,w
V (fag) = sup | Y pra g () G,0)| (A.13)
fIEA weN /.L(Cd)

Finally, because U (f) = U (f) + U; (f) by definition (Equation A.6), we have

U(f) = + > D nw) @)V ()

zesupp(f) weN

as desired.

A.2 Proof of Theorem 2

We prove “only if” as the other direction is straightforward after utilizing the fact
that an IC representation attains its max, which precludes the case of “vertical hy-
perplane.”

Since 7~ admits an IC-V representation, the proof of theorem 1 can be replayed
until Equation A.12. Note that if

max [Z,uxf ’U 97 ))]

geA

is undefined (i.e., there is no argmax g) for some y, r € A (Q2), then V' (u, ) (Equa-
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tion A.13) will have infinite (or negative infinite) slopes at at least one of the de-
generate posteriors, which contradicts the fact that V' is Lipschitz continuous. This
corresponds to the known issue of “vertical” supporting hyperplanes of V (-) to-
wards the boundary. Hence

sup [j{:/ixf ))

ged weN

Excluding never-optimal § from A (that is, § that is never the argmax for
any .y € A(Q)), the previous argument implies that max, ;v (j,w) and
ming 5 v (g,w) are well-defined (attained) for all w € Q) (these are the maximum
and minimum intercepts of the hyperplanes v (g, -)). So u™ = max; 5 o % and
uT = Mg g eq v;ﬁ%:;) are well-defined

Suppose for now that v~ < u™. Let 3 satisfy 5 (u (1) — u (0)) = u™ —u~, where u
is the Bernoulli utility function already obtained. Observe that § > 0 and %% €
[w(0),u(1)] forany g € Aand w € Q. For any § € A and w € €, let (define) p, ()

satisfy

10(3,0)
B opw)

Construct A C F by including g € F in A if and only if there exists § € A such that
g (w) =pu(9) 01+ (1 —py,(§)) b for all w € €. Continuing from Equation A.12, we

Po (9)u (1) + (1= pu (9)) u(0) =

now have
Uf(f)zxem% %M f (@] w) mex %uxf >)]
= > D pw) frlw max D ey (W) Blg (w) (D ua (1) + g (@) (0)wy (0)]]
sesupp(f) weQ [ oeQ
=8 > D> pwflw [maXZuxf > g(yW)U(y)]
zEsupp(f) weQ wen yEsupp(g)

Because U (f) = Uc (f) + U; (f) by definition, we now have

U(f) =Uc (f)+BUr(f)
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where U; (f) is from Equation 2.2. Let a > 0 satisfy § = =% and multiply U (f) by
«, we now obtain an IC representation with parameters (u, u, a, A).

Suppose instead that v~ = u* (this is the special case where information has
no value). Then for any w € €2, we have % =ceRforall j € A. So every
act produces the same information value and therefore f = ¢ if and only U (f) >
Uc (g). With freedom, we conclude that - has a IC representation with parameters
(u,u, a0 =1, A = {dp}) (A still needs to be well-specified for the max operation to be

well-defined).

A.3 Proof of Proposition 1

The “if” direction is straightforward noting that for any f,

S S h@) S @) P e

z€supp(f) wef

- Y Snrel) | Sl S

W'
zesupp(f) wefd w'eN w’eQ M ( )

= > > I f (@]

zesupp(f) w' e

= Z f @] w)

w’ € zesupp(f)

-3

w'eN

:A/L,

which is independent of f.
We show the “only if” direction. Suppose 7 admits an IC-V representation
(u1,uq, V1) and it also admits an IC-V representation (jo, us, V3). For any i € {1,2}

and f € F, let U (f) = Xacaupp(s) 2owen i (W) f (@ | 0) Vi (pta p)-
For any r» € X,

Ui (5:10) = SEUmuz- (5m> +Vi (Nz) = SEUMW-&-V@-(M) (590)

for i € {1,2}. Since o, Z ¢, if and only if U, (6,) > U, (d,) for all i € {1,2}, then
by the classical SEU identification result, there exists x > 0 and ¢ € R such that
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us (2)+Va (p2) = kuy (2)+ V4 (u1)+c forany xz € X. Letc = Vi (1) +¢ —Va (o). We
have us (z) = rkuy (x)+c. Therefore, for prize 1 and prize 0, we have us (1) —uy (0) =
K (ug (1) —uy (0)).

We now argue that p; = uy. For any x € X, there exists a unique a, € R such
that

wi () = azu; (1) + (1 — az) uw; (0) = a, (u; (1) —u; (0)) + u; (0) (A.14)

for any i € {1,2}. Let N = |{2|. For the following, we abuse notation and write z
and ¢, interchangeably.

1. Let f; € F be such that f; (w) = 5, f1(w2) = 6 and f; (w;) = —1 for any
Wi € Q \ {wl,wg}.

2. Let f, € F be such that f; (w1) = 6, fo(we) = 5 and f; (w;) = —1 for any
w; € O\ {wr,ws}.

3. Let g € F be such that g (w;) = 3, g(w2) = 4 and g (w;) = —1 for any w; €
Q\{wl,wg}.

4. Let h € F be such that h(w;) = 7, h(wy) = 8 and h(w;) = —1 for any
wi € Q\ {wr,ws}.

There exists ¢;,t, € (0,1) such that f; ~ t19 4+ (1 —t1) h and fo ~ tog+(1 —t2) h.
Then, for any i € {1,2}: U;(f1) = U;(tig+ (1 —t;)h) and U; (f1) = t1U; (g9) +
(1—1t,)U; (h). Because fi,g,h have equal information value i.e., Ui(f)) =
Ui(g) = Up(h), pi(wi)ui (5) + pi(we)ui (6) = 1 (pi (wr) wi (3) + pi (w2) u(4)) +
(1 —t1) (s (wr) ui (7) 4 pi (w2) w; (8)), so Equation A.14 gives

pi (wi) as + pi (w2) ag =t (i (w1) as + ps (w2) ag) + (1 = 1) (ps (wi) a7 + pi (w2) as) -
Similarly, because f5, g, h have equal information value, we obtain
pi (wi) ag + pi (w2) as = ta (i (w1) as + ps (w2) as) + (1 = t2) (ps (w1) a7 + pi (w2) as) -

Notice we obtain the same two equations for two unknowns y; (w1) , it; (w2) for
each of i € {1,2}, therefore we have p; (w1) = p2 (w1) and py (w2) = pa (w2). Re-

45



peating the same arguments for other w’s gives y; (w) = s (w) for all w € €2, hence
i1 = pz. We denote the unique prior as i from now on.

Next, let /* be a simple act (see Subsection A.1) such that = > 0 for any = €
supp (I*). We argue that U? (I*) — U? (6y) = s (Uj (I*) — U} (8y)). There exists
¢ € (0,1) and constant act (lottery) p € Fp such that ¢f + (1 —€) dy ~ p. Then for
any i € {1,2},

U'(ef +(1=€)d) =T"(p)
eUp (I") + (1 =€) Uz (80) + €Up (I") + (1 = €) Uj (80) = Uy (p) + U7 (p)
e (Up (I") = U1 (00)) = Uz (p) — €U (I") — (1 = €) U (o) -

The third equality follows from U} (6,) = U} (p). Therefore,

(UH(I') = U} () _ ULp) = UL (I) = (1= UL () _ ws (1) = (0) _
cUF ()~ UF(@)  U2(p) — U2 (1)~ (1- )02 (30) _ w (1) —ur (0)

C

LetF*={feF:I"= f> 0o, fNI*=0,f N = 0}. Then, for any f € F*, we
show U? (f) — kU (f) = U} (69) — KU} (dp). Since there exists a unique a; € (0, 1)
such that asI* + (1 — ay) dp ~ f. Then, for any i € {1,2}:

U (f) = U (a;T* + (1 — ay) &)

Uz (f) +Up (f) = aUg (I') + agUp (I) + (1 = ag) Uz (8) + (1 = ay) Uj (o)
Ui (f) = Up (00) = ag (U (I") = Uj (d0)) + agUs (I") + (1 — ay) Uz (00) — U (f).-
Since there exists & € R such that a;U! (I*) + (1 —ay) Ul (69) — UL(f) =
k (u; (1) —u; (0)) forany i € {1,2}, we have x (a;Ul (I*) + (1 — ay) U} (&) — UL (f)) =
)

ayUs (I)+(1 = ay) U (00) = U, (f). Then, kU (f)—rU} (d0) — (U (f) = &UF (do)) =
kay (UL (I7) — UL (60)) — ay (U2 (I*) — U? (&), which leads to

Ui (f) = U} (f) = UF (30) — U] (do)

due to U7 (I*) = Uf (6o) = & (U} (I") = U (&)

Next, we show there exist A € Rl and b € R such that V; (7) = xVj (7) + -7 +b.
It suffices to show V; (w) — kV; (7) is an affine function of n. Fix any two be-
liefs m,m € A(Q) and v € [0,1], let 7 = ym + (1 —v) me. Then, there exists
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ar € A(Q) and € € (0,1) such that er + (1 —¢)7’ = po and 7’ = #==. Take
f € F* such that the induced posterior distribution for f is = with probability e
and 7’ with probability 1 — e. Take g € F* such that the induced posterior dis-
tribution for ¢ is m; with probability e, m with probability (1 —+)e and 7’ with
probability 1 — e. The process is feasible since there are infinite prizes between 0
and min; supp(I*). Therefore, using U7 (h) — kU} (h) = U} (6) — kU] (&) for any
feF,wegetU? (f)—rxU; (f) =U?(g9)—~rU} (g), which implies eV (1) —keV; (1) =
YeVy () + (1= ) €V (m2) — 5 (VA (1) + (1 = ) Vi () (due to U (f) = eV () +
(1—¢€)Va(n') and U} (g) = veVa (m1) + (1 — ) eV (7') + (1 — €) Vo (') for i € {1,2})
and then V; (ym + (1 =) me) — keVy (ym + (1 — ) ma) = v (Va(m) — &V (7)) +
(1 =) (Va(m) — kV1 (m2)) By the arbitrariness of m;,m and v, Vo () — kV4 () is
an affine function over A (Q2). So there exist A € R and b € R such that
Vo(m) =kVi(m)+ -7 +0.

A.4 Proof of Proposition 2

Only if: Suppose - admits IC representations (ju1,u;, ay, A1) and (jg, ug, g, As).
Then by theorem 2, it also admits IC-V representations (u1, u1, V{*) and (ps, ug, Vy'),
where V;* satisfy Equation 3.1. Therefore, by proposition 1, there exist k € R,
A € R and a,b € R such that uy = ku; +a and Vy (1) = 6V} (1) + A - 7 + b for all
T e A(Q).

If: Suppose 7~ admits an IC representation (uy, uy, o, Ay ). By theorem 2, it admits
an IC-V representation (1, uy, Vi) where V}* is Lipschitz continuous. Consider 5 =
p, ug = kuy +aand V' (1) = sV () + A - m+ b for all m € A(2) where k € R, |,
A € R and a,b € R. Note that the affine operation guarantees that V; () is also
Lipschitz continuous. By proposition 1, >~ admits an IC-V representation (1, us, V5).
By theorem 2, 7~ admits an IC representation (ji, ug, e, As).

A.5 Proof of Proposition 3

Given the qualifying IC representation (u,u, «, A), we first note that A is finite so
the sup in U; (f) is attained (i.e., it is a max). Dividing aUc (f) + (1 — «) U; (f)
by « gives U (f) = Uc (f) + :=2U; (f). Then, the continuation value U; (f) can be
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simplified:

Ur (f)
= 3 Sn@ sl ps pes e (o (00 )+ S @) 0@
resupp(f) e ~~ - 7w normalized to 0
g u()
«Q
= Y Y n) @) max i (@) ——u (o)
zEsupp(f) we2
pw) f(z|w) a
p(w) f (z | w) max u (1)
mem% u;Z weh Zweﬂru( w') f ($|W/)11—04
Baye?srrule
wEQlu W)f($|CU) «
max 1 () f (& | @) —o—u (1)
xes%); Zw req M (w/) f( | CU/)/ we 11—«

= ——u() Y maxp ) f (@] w).

we

J/

I(f,n) by definition

So
11—«

U(f) =Uc(f) + Ur(f) = Uc (f) +u () L(f, 1)

A.6 Proof of Proposition 5

If: Take p as given. Let Uc(fip) = Y cott (W) ey f (x| w)u,(x) where
u,(x) =1—e P andletU (f;p,¢) = Uc (f;p)+u, (¢)L(f, ). Note that U (f; p,0) =
Uc (f; p). The prerequisite and proposition 3 together give Uc (f; p1)—Uc (g; p1) < 0
and Uc (f;p2) — Uc (g5 p2) > 0. Take any € € (Ux (f;01) — Uc (g; p1),0) such that
le] < [I(f,p)—1(g,p)]. Since Uc (f;p) — Uc (g; p) is continuous in p, there ex-
ists p such that Uq (f;p) — Uc (g; p) = € (Intermediate Value Theorem). Fix p Let
vy = 0, then U(f;p,11) —U(g:p,11) = € < 0,50 g =5, f as desired. Since
uj (1) is continuous and strictly increasing in ¢, u; (0) = 0, and lim, ,o u; (¢) = 1,
there exists ¢o > 0 such that u; (t2) = % (Intermediate Value Theorem). Fix 5. Ob-
serve that U (f;p, t2) — U (g:5,12) = [Uc (f;p) — Uc (¢;p)) + 5 [L(f, 1) = T(g, )] =
+ 2L(f, 1) —L(g, )] > 0,80 f (.0 g as desired.
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Only if: Take p as given. Inherit U (f;p) and U (f;p,¢) from the “if” proof
above. Due to proposition 3, [U (f: 7, 12) — U (g5 5, 12)] — [U (f: 5, 11) = U (g3 p11)] =
[us (t2) —uz ()] [L(f, ) —L(g, )] > 0. Since uj is strictly increasing, ¢ > ¢1.
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